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Abstract: In this paper, we propose a new method for data generation in discrete settings called
Electric Current Discrete Data Generation (ECD?G). The method establishes an analogy between
electric current flow in a circuit and the transfer of probability mass between data distributions.
Samples from the source distribution are treated as current input nodes of a circuit, while samples
from the target distribution are interpreted as current output nodes. A neural network is used to learn
the distribution of electric currents describing the probability flows in the circuit. To map the source
distribution to the target one, source samples are transferred through the circuit pathways according
to the learned currents. This process ensures the transfer between data distributions without loss
of probability in the exact circuit construction. The results of numerical computational experiments
are presented to illustrate applicability and effectiveness of the proposed ECD?G method.
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Annoranumsa: B craree npearaerca Hosblit Metox ECD2G 115 reHepauy THCKPETHBIX JAHHBIX,
OCHOBAHHBIN Ha Teopuu nekTpuieckux reneit (or anri. Electric Current Discrete Data Generation).
Meroj1, ycTaHaBJIMBAET AHAJOIUI0 MEXKJY IIPOTEKAHMEM JIEKTPUYECKOI'O TOKA B IENHM U IT€PEHOCOM
BEPOATHOCTHON MacChl MEXKIY PaclpeleeHUsIMU JAHHBIX. BBIOOPKHM U3 MCXOIHOIO PACIIPEIEICHUS
MHTEPIPETUPYIOTCA KaK Y3JIbl BXOJIa TOKA B I€Ib, & BBIOOPKHU M3 IEJIEBOI0 PACIIPEIEICHIS PACCMAT-
PUBAIOTCs KaK y3JIibl BbITEKAHUsI TOKa. HeipoceTeBoil 1mMoiaxo/1 M03BOJISIET BbIyYUTh PACIIPE]Ie/IEHUTE
9JIEKTPUYECKUX TOKOB B IIEIIH, OIMCHIBAIOIIMX IIOTOKN BEPOSATHOCTU. JIjIst 0TOOpaskeHus MCXOIHOTO
pacrpe/iesieHus JAHHBIX B IEJIEBOE PACIpee/IeHre METOJ[ OCYIIECTBIIAET MEePEHOC JAHHBIX 110 IEIN
B COOTBETCTBHM C TOKaMU, O0yJYeHHBIMHU HeHpoceThio. IIpu KOPPEKTHOM IIOCTPOEHUN IJIEKTPUIECKOI
LENU JAHHBIA IIPOIECC rapaHTUPOBAHHO OOECHEYMBAET IIEPEHOC MEXKIY PaCIIpele/IeHUsIMUA JaHHBIX
0e3 morepu BeposaTHOCTH. [IpuBOAATCS JAHHBIE YMCJIEHHBIX SKCIIEPUMEHTOB, HOATBEPXKIAIOIINe Pa-
6orocrocobrnocts Metona ECD2G.

KurouyeBbie ciioBa: reHepanysi JaHHBIX C JUCKPETHONW CTPYKTYPOil, JIEKTPUIECKHAE TOKH, OTOK
BEPOSITHOCTH, IIEPEHOC JTAHHBIX.

Huia nurupoBanusi: Kosiecos A.C.; Manyxos C.1., ITamonun B.B., Koporun A.A. Dekrporexmu-
YeCKU BBIYUCINTENBHBIA METOJI JIJIsl FeHEePAlliN JUCKPETHBIX JaHHBIX // BbrauciauresbHble METOBI

u uporpammupoBanue. 2026. 27, Ne 4. 585-602. doi 10.26089/NumMet.v27r436.

1. Introduction. Generative modeling is a challenging problem whose modern solutions often draw direct
inspiration from concepts in physics and the theory of stochastic processes. From the viewpoint of numerical
methods, a generative model is not only a probabilistic construction, but also requires computational procedures
for approximating the underlying dynamics, estimating transition rules, and performing stable sampling. These
issues are especially important for discrete data such as text, graphs, and molecular data, where the state space
is finite but combinatorially large.


https://road.issn.org/
https://orcid.org/0009-0004-1711-0086
mailto:a.kolesov@skoltech.ru
https://orcid.org/0000-0001-8915-2198
mailto:manukhov2000akk@gmail.com
https://orcid.org/0000-0002-3047-6937
mailto:v.palyulin@skoltech.ru
https://orcid.org/0000-0003-3773-342X
mailto:a.korotin@skoltech.ru

BBIYUCJIUTEJIBHBIE METOOBI 1 ITIPOTPAMMIPOBAHUE / NUMERICAL METHODS AND PROGRAMMING 587
2026, 27 (4), 585-602. doi 10.26089/NumMet.v27r436

Recently, Diffusion Models (DM) have become one of the most popular classes of generative methods.
In continuous settings, their formulation is closely connected with stochastic or deterministic differential equa-
tions, and practical generation depends on numerical approximation of the forward and reverse diffusion pro-
cesses [1-4]. A number of recent works have adapted this methodology to discrete domains [5-7]. Instead of
corrupting data with Gaussian noise, these models define a forward process that gradually corrupts discrete
structures (e.g., tokens) through random transitions to other discrete states or a masking token. The ability
to approximate and reverse this process has led to impressive results in various applications ranging from text
generation [6] to molecule design [8].

At the same time, electrostatic-based generative models have emerged as another physics-inspired frame-
work for continuous data. These approaches interpret data samples as electrostatic charges in an electrostatic
field. In pioneering works [9, 10], the field created by data points on a plate inside a hemisphere was stud-
ied, which made it possible to generate data from the uniform distribution on the hemisphere. Subsequent
works [11, 12] introduced a capacitor-based paradigm, in which the field between charged plates is learned to
enable data-to-data mapping. This family of models is also intrinsically computational, as sampling requires
approximating of fields, potentials, or particle trajectories.

However, there is a significant gap: despite their high efficiency in continuous settings, electrostatic theory-
based methods have not yet been formulated for generative modeling in discrete data spaces. The fundamental
concepts of continuous charge and potential have no direct analogues in discrete domains, which presents a novel
and open research challenge. In this work, we use a discrete numerical route and replace continuous electrostatic
fields by electric currents on a finite graph. This leads to computational problems that are natural for numerical
analysis: solving or approximating potentials and currents in a circuit, estimating them from samples, and using
the resulting current field to define a sampling procedure.

We introduce Electric Current Discrete Data Generation (ECD?G) method, which enables to generate
discrete data grounded in the principles of electrical engineering. We establish a theoretical connection between
discrete data generation and current flow in a circuit, and formulate the corresponding numerical approximation
procedure for learning and using these currents. The proposed framework provides a new paradigm for both
noise-to-data and data-to-data generation. The main idea of the proposed construction is summarized in
Figure 1, where probability mass enters the layered circuit at the source distribution and leaves it at the target
distribution.

2. Background. Let us recall the basic principles of electrical engineering to better understand the
physical motivation behind our method. In this section, we discuss the graph representation of a circuit,
Kirchhoff’s and Ohm’s laws, and the superposition principle. Further details on these electrical engineering
concepts can be found in any textbook on the subject, for instance, in [13].

An electric circuit can be considered as a graph G(V, E), where V is the set of vertices (nodes) and E
is the set of edges. Each edge is associated with a resistor between two nodes. An edge e(v,v’) € E between
vertices v € V and v’ € V has a resistance R(v,v’). We manually select a subset of vertices called sources and
denote them by V' C V. A current is injected into the circuit through these source vertices. We denote the

AN \
() =0 v I(wo') 2 =1 a()

Figure 1. Our ECD?G method places two data distributions p(xo) and ¢(xz) on the input layer £ = 0 and output layer
£ = L of a circuit, respectively. The distribution p(zo) is interpreted as a current flowing into the circuit, and g(zr) as
a current flowing out. The flow of electric current in the circuit is associated with the transfer of probability mass.
As it is flowing through the circuit, the electric current transforms samples from the source distribution p
into samples from the target distribution ¢
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current flowing into each vertex v by the function 7%¢(v), which equals zero if v ¢ V¢, Similarly, we define
another subset of vertices VK C V called sinks, such that V=N V¥ = &, We denote the currents flowing
out of these sink vertices by the function I"%(v), which equals zero if v ¢ VK.

As currents flow from the sources V' to V%, they obey the following physical laws:

1. Kirchhoff’s current law. Consider any vertex v € V. There exists a set of edges {e(v,v")}ver(v)
connecting v to all its neighboring vertices, where the set of these neighbors is denoted by J(v). Let Ji,(v) be
the set of neighboring vertices from which current flows into v, and let Jous(v) be the set of neighboring vertices
to which current flows out from v. If the current between v and a vertex v’ € J(v) is equal to zero, we assign
v' to Jin(v) by default. The sets Ji,(v) and Jou(v) are disjoint and their union is J(v) = Jin(v) U Jout (v).

Kirchhoff’s current law states that the algebraic sum of all currents entering any node must equal zero.
Equivalently, the total current entering a node equals the total current leaving it. For any node v ¢ V¢ UV/ suk:

Yo Iw)y= Y I, (1)

v’ €Jin (v) v € Jout (V)

where I(v,v’) denotes the current flowing from v to v'. If a node v € Vs or v € V1K is considered, then
equation (1) becomes:
I#°(v) = Z I(v,v"), I"%(v) = Z I(v',v).

v’ €Jout (V) v’ € Jin (v)
A direct consequence of applying the Kirchhoft’s law to every
node in the circuit is that the total current entering the
circuit must equal the total current leaving it. For the circuit
with a source vertex set V5" and a sink vertex set V"%, the
following equality holds:

Z Isrc(l})z Z Isnk(’U), (2)

vV e vEVenk

where the left-hand side of (2) represents the total injected
current at the source nodes while the right-hand side is the
total extracted current at the sink nodes. The graph repre-
sentation of the circuit and the introduced source/sink no-
tations are illustrated in Figure 2, while Figure 3 shows the Figure 2. An illustration of an electric circuit
local balance of incoming and outgoing currents at a vertex
as required by Kirchhoff’s current law.

2. Ohm’s law. In a circuit, there exists a function ¢ :
V — R, called the electric potential, which is defined up
to a constant and fully describes the set of currents in the
circuit. For arbitrary neighboring nodes v and v’ in the
circuit ¢ satisfies:

157 (u3) Ve = {v1,v2,v3}
Vel = (o], vh, 05}

p(0) =) _ o
R(”U,Ul) - I( 9 )7 (3)

where R(v,v") and I(v,v’) are the resistance and the current
between the nodes, respectively. The difference in potentials Figure 3. Incoming and outgoing currents
©(v) —(v") for neighboring vertices is called the voltage and at a vertex v
denoted as U(v,v").
3. Superposition principle. Consider two systems of sources and sinks on G(V, E):

(I () Yoevgre, {17 (0)}pevpmn

and

{157 (0) Yoevgres {I37(0) Fueypme-
Suppose, the first system establishes potentials ; (v) and the second system establishes potentials ¢o(v), where
v € V. Then, the two systems merged together will produce a potential

p(v) = @1(v) + p2(v), (4)
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which also means that current in the merged system is additive for all v,v’ € V:
I(v,v") = I (v,v") + I (v,0"). (5)

3. ECD2G method. This section presents a novel generative modeling paradigm grounded in electrical
engineering for discrete data settings. It is called “Electric currents discrete data generation”. In subsection
1 of section 3, we formulate the task of distribution transfer and give an intuitive description of our proposed
method. In subsection 2, we provide the theoretical foundation of ECD?G method and the main propositions
for a connected graph. In subsections 3 and 4, we specify a graph structure for an electric circuit and formulate
the learning and inference algorithms for this graph, respectively.

3.1. Problem setup and intuitive explanation. Let the state space be the discrete product space
X = SP, where S is a finite set of categories, e.g., S = {1,2,...,S}. A source distribution p € P(SP) and
a target distribution ¢ € P(SP) are considered. Here P is the Borel measure. These data distributions are
assumed to be available through random empirical samples z1,...,zy ~ p and y1,...,ym ~ ¢, where each
sample is a D-dimensional vector of categories. In these notations, the goal is to construct a procedure 7' that
transforms a new sample 2"V ~ p into a sample distributed as g, i.e., T(x"°V) ~ q.

Let us turn to the intuitive explanation of our ECD?G approach. To implement transfer in the full discrete
state space X = SP, we construct a current circuit G(V, E), whose source layer is a copy X(0) of X and whose
sink layer is another copy &(z). We interpret a current I°"(x¢) flowing into a source node xzo € &) as the
source probability p(z¢). Analogously, a current I"%(x;) flowing out of a sink node x7, € X(r) is considered
as the target probability ¢(xy). Thus, the circuit is defined on full states rather than on isolated categories.
In the present implementation and experiments, we work with full states and do not use a coordinate-wise
factorization inside the sampler. Factorized sampling and normalization are treated as a scalability direction
for high-dimensional spaces in section 6. By associating the electric current in the circuit with the transfer of
probability mass, we map samples 2"V ~p through the circuit to the target distribution gq.

3.2. Main theoretical construction of our ECD?G method. For convenience, we consider a general
electric circuit as a connected graph G(V, E). A particular practical example of realization is given in the next
subsection. We assume that each edge e(v,v’) € F has a resistance R(v,v’). Recall that from Kirchhoff’s
law (2) the total incoming current 1™ equals the total outgoing current I°"%. Without loss of generality, we
suppose that the total incoming current and the total outgoing current are each equal to 1:

Yooy = Y M) =1 (6)

UEVSTC U/EVsnk
This allows us to interpret I5'¢ and I°"* as some distributions p and g on V¢ and Vs°k:
Yo € VS () = p(v)  and Vo' € VSR R = q(v).

The transfer of probability mass from source to sink is realized by the stochastic walk on the circuit. We set
up the following rule for the steps between neighboring vertices.

Definition 1 (Movement rule). Let Jout(v) contain the neighbors to which positive current leaves v in
the chosen orientation. The probability of transition from vertex v € V : v & VK to a neighbor v/ € Jou(v) is

defined as:
A
prob(ufv) & — L@:v) 7)

v € Jout (V)

If v € VoK then the extracted current I°°%(v) is treated as a terminal outgoing edge from v to an absorbing
terminal event associated with this sink. In the layered practical construction used below, sinks are placed only
on the last layer and have no ordinary outgoing edges. The following more general notation also covers circuits
where an ordinary outgoing current from a sink is present: the flow either terminates at this sink with probability
prob(term|v) or continues to vertex v’ with probability prob(v’|v) as follows:

def 155 (v) ) def I(v,0')
prob(term|v) = )T S T prob(v'|jv) = o) S I(o07) (8)

v € Jout (V) v € Jout (v)



https://road.issn.org/

590 BBIYUCJIMTEJIBHBIE METOOBI 1 ITPOTPAMMIPOBAHHNE / NUMERICAL METHODS AND PROGRAMMING
2026, 27 (4), 585-602. doi 10.26089/NumMet.v27r436

The denominator represents the total current flowing out of vertex v, including the terminal edge at sink
vertices. Therefore, the probabilities (7) and (8) of movement to neighboring vertices or to a terminal event
are proportional to the current in the corresponding edges. After determining the one-step transition (7) in
the circuit, it should be noted that the following termination property holds for the multi-step transition in the
circuit.

Proposition 1 (Finite-step termination). If the movement through the circuit starts at vertices V='° and
obeys the movement rule 1, it reaches a terminal event associated with a node in V"X in a finite number of
steps.

Proof. We add to every sink v € V¥ an absorbing terminal event connected by an edge carrying current I5"%(v).
Since the graph is finite, infinite movement in the extended graph is only possible if there exists a cycle of vertices
V1,02, ...,vc along edges with positive current (here ve = v1). However, current flows from higher to lower
potential. For such a cycle to sustain a current, the potentials must satisfy p(v1) > p(v2) > ... > ¢(ve) = @(v1),
which is a contradiction. Thus, the movement reaches one of the terminal events in a finite number of steps. [

Proposition 1 allows us to define a stochastic mapping T : V¢ — Vs"K that transforms sources to sinks
according to movement rule 1. The following corollary states the induced distribution-transfer property.

Corollary 1 (ECD?G transfer). For the circuit described above, the sequential movement by T from
v € VS terminates at a sink T(v) € VK with probability 1. Moreover, if v ~ p is a random variable,
then T'(v) ~ q, i.e. the movement through the circuit with probabilities proportional to the currents transforms
distribution p on V° into distribution q on VK.

This result follows directly from classical network flow theory [14, §6] and properties of absorbing Markov
chains [15, §11]. The conservation (1) and normalization (6) conditions establish a feasible unit flow from sources
V¢ to the terminal sink events. The movement rule (7) defines an absorbing Markov chain on the extended
graph. The total flow through the terminal edge of a sink v’ € Vs is [5%k(¢/) = ¢(v’), so the absorption
probabilities at the terminal sink events are exactly ¢. For a rigorous proof of this absorption property for
Markov chains defined by unit flows see, e.g., [16, §3].

3.3. Practical realization. In practice, we are interested in transforming distributions on a particular
discrete space X = SP. We consider a specific structure of an electric circuit as a layered graph G(V, E) with
vertex layers indexed by ¢ = 0,..., L. This graph consists of |V| = (L + 1)|X| = (L + 1)S? vertices, where
each layer is a copy of X. We denote the set of vertices on the (-th layer as X{;), then V = Xy U..U &X(1). In
this layered realization, the source vertices are exactly X(o) and the sink vertices are exactly X(z); intermediate
layers contain no sinks. The corresponding single source-sink layered circuit is sketched in Figure 4. Edges F
of this graph can connect only vertices from neighboring layers. Thus, F = Uf;olX(g) X X(p41)-

We denote the potentials, currents, and resistances with an additional layer index /¢ as

we(e)s Loor1 (e, Tor1), Reor1 (e, xogr).

° ° ° ° ° °
[ ° o ° ° o ei(o)
Z>le ° o ® ° o |
/ 01 L1l
° ° ° ° ° °
Zo
° ° o ° ° °
k 1 Ll
[® ° o \\| o ° o> A
° ° o \\l o ° °
p xL pi(zr)
° ° ° ° °

Figure 4. A sketch of single source-sink configuration for electric circuit Gr(|X|, R, )
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In addition, the resistance is set as follows:

T, Ty = Tey1,
R, x# xpq1.

Roi1(xe, k1) = { 9)

In other words, the “forward” resistance is 7, and all “lateral” resistances are equal and denoted by R. Thus,
using R > r in practice, we encourage the preservation of the state at the next layer rather than its change. By
introducing the resistances r and R into the circuit, we can now define the electrical circuit as a layered graph
Gr(|X|,R, 7).

Calculation of potentials o, for G, (|X|], R, r) and arbitrary current distributions 57, ISk is a challenging
task, especially when the distributions are only available through a limited amount of empirical samples (sub-
section 1). However, using the superposition principle (4), it can be reduced to solving the problem for a single
unit input current at xog € Xg), which flows out at x;, € X(1). Because potentials are defined up to an additive
constant, all single source-sink potentials below are taken in a shared gauge, for example, by imposing the same
zero-mean normalization over the circuit vertices. The potentials themselves are not unique: adding the same
constant to all potentials does not change any current. Only potential differences are physically meaningful
and uniquely determine the currents. Therefore, the same gauge must be fixed for all single source-sink prob-
lems before their potentials are combined by the superposition principle. Let ¢g(x¢|zo, 1) define the potential
created at point xy in such a system. Then, the superposition principle yields

(Pf(xf) = Z (Pf(xf‘x(vaL)w(xvaL)v (10)

Z0,TL

where 7(zo,21) is an arbitrary joint distribution on X(g) x X(r) satisfying the conditions ) m(2o,71) =
I¥¢(z0) and >, m(zo,2L) = I*"%(zp). Since the right-hand side of (10) is determined (up to a constant)
uniquely by the marginal input I°°(x¢) and output I®"*¥(zz) current distributions, the following observation
arises.

Remark 1 (Transfer plan independence). Potential @y(xy) is independent of w(xg,xy) under the shared
gauge fized above. The corresponding currents are gauge-invariant.

The following result provides a recipe for calculating potentials @y (z¢|xo, 1) in one source/one sink system.
Applying Kirchhoff’s current law to each vertex of the layered circuit and using Ohm’s law to express every
edge current as a potential difference divided by the corresponding resistance, one obtains the node-voltage
equations for the circuit. Considering the symmetry of the single source-sink setting, the vertices at each layer
can be grouped into three types: the source state xg, the sink state xy, and all other states 2’ € X'\ {xo,zr}.
This reduction yields the system of equations established in Lemma 1.

Lemma 1 (Single source-sink potentials). Let a unit current flow into the electrical circuit G (|X|, R,r)
at position xo € Xy and flow out at position xj, € Xcry- Then the potentials we(xe|xo, ) at the vertices for
each layer ¢ of this graph are determined by a system of 3(L + 1) x 3(L + 1) equations (A1.2.4.1)—(A1.2.4.3).

The proof of this lemma is given in Appendix 1.
Finally, using the Ohm’s law (3), Lemma 1 and the superposition principle (4), (5), one may compute the
electric current between x, and x4 1:

we(welro, 1) — Pry1(Teqi|To,21)
Ry oq1(ze, xoqr)

wo(ze) — poy1(Tet1)
Ipor1(Te, woq1)= =E ~
A+ ( + ) RZ,Z«H(-TZaxZ«H) (xo,xp)~T

; (11)

where E, means the expectation over distribution 7. Using the derived closed form for ¢g(z¢|xg,x1), we can
now estimate the current employing random samples (xg, x1) ~7 for any coupling 7 of p and ¢. This is the key
component of our method.

3.4. Learning and inference algorithms. Training (Algorithm 1). Recall that X = S”. The al-
gorithm below is written for full-state pair. We do not use coordinate-wise factorization in the reported ex-
periments. To recover currents Iy ¢+1(2¢, xe+1) in a circuit, we approximate them using a neural net Iy(:) :
SP x SP x {0,...,L — 1} — R. It takes as input the states (nodes in the circuit) z, € Xy and o1 € Xp41),
and the edge-layer index ¢ € {0,...,L — 1} of the current state as a condition. The output of the network is a
value Ig(xe, oy1, ) = Lo ps1(Te, Tog1)-
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Algorithm 1. Training

1: input Distributions p(z) and ¢(y) accessible by samples;
Resistances r > 0 and R > 0;
Layered graph (circuit) G (|S?|, R, 7);
NN approximator Iy;
N training steps;

2: output The learned currents Iy;

3: For 1,..., N steps:

4: Sample batches of x ~ p and y ~ g;

5: Set 2o = x and 2z = y on G.(|SP|, R, 7);

6: Sample batch of edge-layer indices ¢ ~ U ({0,...,L — 1});

7 Sample batch of states x¢, xe+1 ~ U(X);

8: Approximate Iy ¢+1(xe, xe+1) with (zo,zr) using (11);

9: Minimize the MSE between Ig(z¢, z¢+1,£) and the estimated current Iy ¢11(ze, Tet1).
10: stop

Since the circuit consists of (L + 1)S? nodes, considering all possible pairs of nodes in neighboring layers
for current recovery is an infeasible task. Therefore, we randomly select them for training. Namely, we sample
the edge-layer index ¢ from the discrete uniform distribution on {0,...,L — 1} and randomly select states
xp € Xy and xeq1 € X(pqq) from U(X'), where U is the uniform distribution. The target current Iy g1 1(2¢, 2¢41)
is estimated using (11). We additionally sample a random batch (xg,x) ~ p X ¢ to obtain a Monte-Carlo
estimate fg7g+1($g, 2g41) for (11). Then, we train a neural network Iy to approximate the current. The resulting
loss for training is given by the following expression:

Bt ({0,.... -1 Eapzpss~tcao) o (@e, Tes1, €) — T o1 (ze, zes1) |5 — min.

For modeling the current flow starting at any input x = zg ~ p, we use the movement rule from Definition
1 in the layered graph. In the reported low-dimensional experiments, the candidate set at step ¢ is the next
layer X(y11), so all terms in the normalizer can be computed explicitly. Since the learned current Iy is a signed
approximation, the sampling rule uses only the forward positive part of this current:

wo(zey1|xe, €) = max{Ip(z¢, xe41,£),0}.

Thus, currents predicted to flow in the reverse direction are not taken into account during sampling. We set
them to zero and renormalize the remaining probabilities:

wo(Tp41 |70, £)
wy(z|xe, )

proby(zet1]7e) = 5 (12)

2€X(0+1)

This positive-current projection and renormalization is an approximation used by the learned sampler. If the
denominator in (12) is zero, we use the self-transition x,11 = x¢, which is available in the layered graph. The
movement always stops at the last layer £ = L, whose vertices are the only sinks in our practical construction.

4. Related works. Generative Flow Networks (GFlowNets) [17] form a family of models that learn to
generate discrete structures with a probability proportional to a given reward function. Although the problem
they consider differs from ours, their approach shares similarities with our work. They also consider the flow
of probability mass through a graph. However, GFlowNets learn flows or policies over graph edges, whereas in
our method we first predefine the edge resistances of an electric circuit and then compute or approximate the
corresponding currents.

Discrete Diffusion Models (DDM) [6, 18, 19] form a powerful class for data generation in discrete data
setups. Unlike our method, they use a forward (data destruction) process based on a predefined transition
matrix. As a result, the forward process of DDM, using either a uniform [5] or an absorbing [7] transition
matrix, corrupts clean data either into a uniformly distributed sample or a special token. In contrast, our
approach is theoretically able to learn transformations between any discrete data distributions.
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Discrete Flow Matching (DFM) [18] learns a flow field between two data distributions. In contrast to our
ECD2G method, the flow learned by DFM depends on the data transfer plan 7 used for training, while our flow
is the uniquely determined flow of the electric current (Remark 1). At the estimator level, our current in an
arbitrary edge (x¢, z¢+1) can be evaluated by Monte-Carlo averaging over samples from 7, whereas FM/DFM
estimators are usually evaluated at sampled interpolant points [20, §1.2].

Electrostatic-based methods [10-12| interpret data distributions p(-) and ¢(-) as positive and negative
charge densities, respectively. Data transfer and/or generation are performed by moving along the field lines
created by these charge distributions. The theoretical justification for these methods relies on the principle of
flux conservation in the generated field. The proposed ECD?G model also employs electricity theory, where flux
conservation corresponds to the current law (1). However, all existing electrostatic-based models operate in a
continuous setting, whereas ECD?G performs discrete data generation.

5. Computational experiments. In this section, we present proof-of-concept experiments for our pro-
posed ECD2G method. We demonstrate a one-dimensional transfer task in subsection 1 as well as a two-
dimensional one in subsection 2. Further experimental details are provided in Appendix 2.

5.1. 1D experiment. The first intuitive test to validate our approach is to solve a transfer task between
two one-dimensional categorical distributions, whose densities and current flows can be visualized. We assume
the source p is uniformly distributed over the 50 categories {0,...,49} and the target ¢ is the normalized
discretization of Gaussian weights exp(—(s — 25)2/2) on the same categorical support. Both distributions use
S = 50 categories. Their visualizations are shown in Figure 5. We represent the circuit between p and ¢ as
a layered graph G, (50, R,r) with L = 9 and layers £ = 0,...,9, where resistances r and R are 0.1 and 100,
respectively.

We train a neural network Iy using our Algorithm 1 and evaluate it at the inference stage (see subsection 4)
stage. The reference current field in the exact circuit model between the input and output distributions,
computed according to (11), is shown in Figure 5. Our approach maps to the target density quite well, recovering
the target distribution (see Figure 6). We also compare the target current flow obtained from (11) with the

i ||”| “ﬂ"

N\
R
44

e -

] s

Figure 5. Ilustrative 1D Uniform— Gaussian experiment: input and target samples xo ~ p(xo) and zg ~ q(z9) together
with the target currents obtained from (11) on the layered graph Go(50,100,0.1)

Figure 6. Ilustrative 1D Uniform— Gaussian experiment: input samples 2o ~ p(zo) and samples zg ~ T'(xo) mapped
by T'(z) together with the currents learned by Iy on the layered graph Go(50,100,0.1)
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Figure 7. Ilustrative 2D Moons-to-Swiss-roll experiment: input and target distributions p(zo) and g(z4) together with
the intermediate distributions at layers £ = 1,...,3 and samples transformed from z ~ p by T'(x) in the layered graph
G4(2500,10,0.1)

currents learned by Iy. The current field learned by the neural network is shown in Figure 6. Despite the more
stochastic structure of the learned currents, the transported samples accurately recover the target distribution.

5.2. 2D Moons-to-Swiss-roll experiment. We also provide a proof-of-concept for our method by trans-
ferring between two-dimensional data distributions. We consider the 2D Moons dataset [11] to form the source
distribution p and a 2D projection of the Swiss roll dataset [11] to form the target ¢. The main idea of the
experiment is to provide interpolation of samples from p to ¢ along a layered graph. Their visualizations are
shown in Figure 7. Both datasets are discretized into S = 50 categories, resulting in a two-dimensional cate-
gorical space of SP = 502 = 2500 points. The graph structure for this experiment is G7,(2500, R, r) with L = 4,
R =10 and r = 0.1. Our approach maps to the target density effectively, which allows to successfully recover
the target distribution as demonstrated in Figure 7.

For completeness, we compare the results of applying our method to the 2D Moons-to-Swiss-roll data with
the ones obtained using the baselines DDM [5] and DFM [18]. We use the Maximum Mean Discrepancy (MMD)
metric with the radial basis function (RBF) kernel [21], where the bandwidth is chosen by the median heuristic
0 = Omedian- The MMD is evaluated between 2048 generated and 2048 original samples from the Swiss roll.
The Monte-Carlo batch size used to estimate tar-
get currents in (11) is 256. For the DEM/FM base- Table 1. The values of the MMD metric for the ECD?G, DDM
line implementation, we follow the public codebase and DFM approaches, calculated over 5 runs with a sample
facebookresearch/flow_matching as closely as size of 2048
possible and adapt it to our discrete setting. The ECD2C DDM DFM
central values of MMD with standard deviations MMD (x10~%) | 1.24 + 0.18 | 167 + 0.15 | 2.32 + 0.22
for the corresponding methods over 5 runs are pre-
sented in Table 1.

6. Conclusion. Our ECD2G method establishes an analogy between the transfer of samples from one
distribution to another and the flow of electric current through a circuit. This method not only ensures the
transfer, but also give an opportunity to solve the problem of factorization. Illustrations and comparisons with
baseline methods are presented, demonstrating the capability and robustness of our approach. Below, we outline
the limitations of our method and directions for future work.

Our training approach involves sampling layers ¢ and states x, within these layers. We use uniform
discrete distributions over edge-layer indices and full states in X' (see subsection 4 of section 3). This allows us
to approximate the current in the circuit between states xzy and x,41. However, this sampling is not unique,
and there are many other possible ways to define a training volume for efficient learning. This is a promising
direction for further research.

Circuit topology and edge resistances are important design choices in our approach. The layered construc-
tion used in this work is one convenient realization: it encourages a flow to remain at the same state in the next
layer, while slightly suppressing flow to other nodes. Further work could explore resistance schemes that assign
distinct resistances to each node pair, as well as alternative circuit architectures beyond the layered topology
studied here.

We perform low-dimensional experiments, where each sampling step can be carried out explicitly using (7).
Thus, the present implementation does not rely on a coordinate-wise factorization during sampling. However,
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the denominator in (7) likely becomes computationally infeasible in high-dimensional spaces, particularly when
D > 3, as the number of categories increases. Following discrete diffusions [6, 22|, further development of
factorized sampling and normalization schemes is an important direction for improving the method’s scalability.
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Appendix 1

Single source-sink setting

A1l.1. Conductance matrix and the node-voltage equation in a matrix form. To solve the for-
mulated problem, we need to define the conductance matrix and write down the node-voltage equation in a

matrix form.

Definition A1.1 (Conductance matrix). The conductance matriz G, defined for an electrical circuit
represented by a graph G(V, E), is a matriz of size |V| x |V| such that

1 .
Z'UjEJ(Ui) R(’Ui,’l)j)’ v = ka
T : .
Rl o)’ i #k and v € J(v;),
0, i #k and vy, & J(v;).

Let us define the vector containing all node potentials

p(v1)
p(v2)

and the vector of currents
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where i(vy) = Z'Uejin(vk) I(v,vg). If a current I°"(vy) flows into the node vy, then i(vg) = I*°(v). If a current
I*"%(vy) flows out of the node vy, then i(vy) = —I*"%(v;,). In all other cases, Kirchhoff’s current law gives
i(vk) = 0, since the sum of currents flowing into a node equals the sum of currents flowing out of it.

Thus, the successive application of Ohm’s and Kirchhoff’s laws leads to the equation for determining the
node potentials, known as the node-voltage equation:

G p=i. (A1.1.1)

A1l.2. Analytical solution for G, (|X|, R,r). Consider an electrical circuit Gp(|X|, R,r) with a unit
current entering the system at zo € X(g) and leaving at x € &(). Assume there are no other sources or sinks
in the circuit besides x¢ and 1. Each layer X, of the graph Gr.(|X|, R,7) is a copy of X = SP. Consequently,
two distinct situations may arise: xg = x or xg # x. These cases must be analyzed separately.

A1.2.1. Structure of the potential ¢ and current i vectors. The graph G.(|X|, R,r) consists of
L + 1 layers. Each layer contains n = |X| vertices. Therefore, we will express the potential vector ¢ and the
current vector ¢ in a block structure:

©o 10
P1 51

o= |, i=] |, (A1.2.1.1)
YL i

where each ¢, and i, is a column vector of height n:

oo(en) ie(2e1)
©o(Te2) ) ie(e2)

V=0,....,L: @p= ) , dp= (A1.2.1.2)
Qpé(xfn) if(zén)

A1.2.2. Symmetry of the problem. The problem possesses a high degree of symmetry. In formulas
(A1.2.1.1) and (A1.2.1.2), we considered “vertical” cross-sections of the graph, i.e., layers. Let us now consider
a “horizontal” cross-section, namely, the sets of values:

(po(z'), ¢1(2'), @2(a’), ..., ¢r(a’)), where z’ € X is fixed.

These sets of values are entirely equivalent for all 2’ # z¢ and a’ # 2. Therefore, the problem of finding
n(L 4+ 1) unknown potentials reduces to finding only 3(L + 1) potentials at the following points:

we(xo), £=0,...,L;
we(zr), £=0,...,L;
we(z"), £=0,...,L, where 2’ # xo,zr.

A1.2.3. Structure of the conductance matrix and the node-voltage equation. For the resistances
defined in (9), the conductance matrix takes the block-tridiagonal form:

D B 0 0 --- 0
BT 2bp B 0 -+ 0
0 BY 2bp B -+ 0

Q)
I

0 0 BT 2D
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Here B and D are n x n matrices, n = |X|. They are expressed through resistances by the following way:

1 1 1 1
r R R R
10 .0 I 1
1 1 (o1 . 0 meoor i
p=(3+"%") . oB=|_L 1 1 1
r R : R R r R
0 0 1 .
1 1 1 1
R R R r
Given that 41,49, ...,45_1 are identically equal to zero (since the sum of incoming and outgoing currents

is balanced at the vertices of the intermediate layers), equation (A1l.1.1) takes the following form:

Dyo + By =i,
BTpy_1 42D+ Bpgyr =0, Ve=1,...,L—1, (A1.2.3.1)
BTy 1+ Dyy, =ir.

A1.2.4. Case xg # x. Let us now consider the case of non-coinciding source and sink.
Equations in (A1.2.3.1) in this case can be rewritten in the following form:
1. The upper equality corresponding to Dy + By = i¢ splits into

(i + n;z 1) po(xo) — %@1(170) - n}; 2<P1($') - %%’1(“) =1,
(747 ) 2ol@) - porten) - (5 + "7 ) eate) = oty =0, (A12.4.1)
(i + n}—z 1) wo(rr) — %801(9%) - n;z 2<P1(1‘/) - %‘Pl(mO) =0.

2. The middle equality corresponding to BTWA +2Dyy + Bygy1 = 0 reduces to:

1 1 n—2

- ;W—l(ﬂ?o) - E‘Pé—l(xL) "R pe-1(z")
#2145 lan) = Toen(an) - gorn o) - o) =0
- %W—M%‘L) - %W—Mxo) - nT?QW—l(l‘/)
+2 (i + n;;) pe(xL) — %@é-l—l(xL) - %Sﬁé-&-l(l‘o) - n; 2<pg+1(l‘/) =0, (A124.2)

- pleatan) + eemrten) = (1452 ) oraw)

#2 (220 ) = R+ pemata) — (14722 ) i) =0

3. The last equality corresponding to BT oy _, + Dy = iy, is:

1 1 n—2
- ;@L—l(ﬂfo) - E@L—l(fL) - xR or-1(z') + < +

1 1 n—2
- ;QDL—1(IL) - E@L—l(xo) - or—1(z') + <r +

er(zr) = -1, (A1.2.4.3)

R
- (i + n; 3> pr-1(z') — %(@L—l(IO) +or-1(zL)) + <i R ) pr(a’) =0.
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These equations can be significantly simplified if one takes into account that n = |X| = S >> 1. In this
case, 1/n — 0, and n ® n — 1 & n — 2 ~ n — 3. Then, multiplying the equations by R/n and introducing
7 =r-n/R, we obtain the following modifications of (A1.2.4.1-A1.2.4.3):

(; + 1) wo(zo) — %@1(950) —p1(2') = ;,
po(z) = ¢1(2),

(3+1) wulen) - ze1an) — r(a!) =0

1 1 1
- ?@Z—l(xO) —@o1(2') +2 (77 + 1) we(zo) — ?@Z-&-l(xO) —@e1(2') =0,

1 1 1
- ?90@71(11) —@o1(2') +2 (? + 1> we(zr) — ?WH(OUL) —@e1(2') =0,

— o1 (") + 200(2") — ey (2”) = 0;

- %@L—l(iﬂo) —pra(2) + <717 + 1> or(zo) =0,

- enmalen) - pra@) + (341) erlen) = -1,
pr—1(2") = pr(a’).
Thus, in this approximation
po(2’) = p1(af) = -+ = pr(a').
Recall that the potential is defined up to an additive constant. Therefore, the reference point from which
it is measured can be chosen arbitrarily. Let us set:

we(2')=0 V£=0,1,...,L.

Consequently, the system of equations simplifies further, decoupling into two independent parts:
1. System for z is

Yeo(@o) — ¢1(wo) =,
—@o_1(x0) + 2vpe(x0) — per1(zo) =0, Vl=1,...,L—1, (A1.2.4.4)
—¢r-1(z0) + vpr(20) = 0.
2. System for xj, is
Yeo(zL) — e1(zL) =0,
—po—1(xn) + 2vee(xL) — wey1(xzp) =0, Ve=1,...,L—1, (A1.2.4.5)
—r-1(zr) +ypr(or) = -7

Herey=14+7r=1+ "™ From the solution of (A1.2.4.4), it is easy to obtain the solution of (A1.2.4.5),

namely @¢(zr) = —pr—e(2o).
Suppose that @y(zr) is proportional to ¢g(z) via some polynomial in +:
ee(xr) = Pu(v)po(zL). (A1.2.4.6)
Substituting (A1.2.4.6) into (A1.2.4.5), we find that the polynomial Py(v) has to satisfy the conditions:
PO(PY) =1,
Py (’7) =7

Priai() = 29Pi(7) — Pea ()

These are the recurrence relations for the Chebyshev polynomials of the first kind:

Py(v) = To (7).
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Substituting (A1.2.4.6) into the last equation of (A1.2.4.5), we obtain:
—pr—1(rr) +ver(zr) = (=To-1(v) +9TL(7)) pol(wr) = —r-

Thus, we get
r

and
Ty(y)r Tre(y)r

~Tr-1(7) +7Tw(7) ~Tp—1(7) +7TL(y)
The corresponding tridiagonal boundary-value problem has a unique solution (given that the additive
constant has been fixed by choosing ¢(z’) = 0). Hence, the potentials above are uniquely determined in the
chosen gauge.

we(xr) = , pe(To) =

A1.2.5. Case x¢p = xp. In this case, similarly, ¢,(2') =0Vl =0,1,..., L, and the system of equations
for pe(z) = we(xr) takes the form:

Ypo(zo) — ¢1(w0) =1,
— pe—1(z0) + 270e(0) — Pet1(z0) = 0, (A1.2.5.1)
—pr-1(z0) +vpr(z0) = — 1"

Let us suppose that the solution has the form:
pe(z0) = Pe(v)o(z0) — rFe(v). (A1.2.5.2)

Then, the polynomials P,(y) and Fy(v) satisfy the recurrence relations

Pryi(y) =2y
Frya(y) =2y

33

with the initial conditions

Po(v) =1, Pi(v) =, Fo(y) =0, F1(y) = 1, Fa(v) = 2.

This allows us to identify Py(v) and Fy(v) with the Chebyshev polynomials of the first and second kind,
respectively:
P(v) =Te(v), Fe(v) = U1 (7).
Note that the polynomial Uy(y) incorporates an additional condition U_(y) = 0, which is not usually implied

in the standard definition.
Substituting (A1.2.5.2) into the last equation of (A1.2.5.1), we obtain:

UL v) —Ur_a(y) — 1
YIL(v) = Tp-1(y)

Therefore, the final expression for the potentials is:

YUL-1(7) —Ur—2(y) — 1
YIL(y) = To—1(7)

wo(zo) =

pe(z0) =7 (Tz(’Y) —~ Ue_l(’y)> : (A1.2.5.3)

This completes the proof of the Lemma 1.
After imposing the same zero reference for the all other states potentials, no remaining additive degree of
freedom is left. Therefore, the solution of this reduced system is unique in the fixed gauge.

Appendix 2

Experimental details

In the 1D illustrative example of subsection 1 of section 5, we use a simple Multi-Layer Perceptron (MLP)
neural net with Rectified Linear Unit (ReLU) activations and hidden layers of size [128, 128, 128]. Thus, the
architecture of our model obtains a one-dimensional vector (a sample from a layered graph), then processes it to
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128-dimensional vector three times and outputs a one-dimensional sample from a layered graph. To condition
on the layer number, we use a lookup table whose embedding dimension is two. The number of embeddings is
chosen according to the number of edge-layer indices in the corresponding experiment. The network is trained
for 5 000 steps with learning rate of 2 - 107%, weight decay of 10~*, batch size of 256, and the Stochastic
Gradient Descent (SGD) optimizer without a learning rate schedule. The Monte-Carlo batch size for estimating
the current target in (11) is also 256.

The network for the experiment in subsection 2 of section 5 uses the same architecture and optimization
settings. For the MMD comparison, we apply an RBF kernel with bandwidth selected by the median heuristic,
denoted by opmedian. For DEM/FM, we follow the public implementation facebookresearch/flow_matching
as closely as possible. Training the 1D and 2D experiments takes 2 minutes on a single A100 GPU (30 GB
VRAM). In the 2D experiment, sampling of generated data with a batch size of 256 takes 0.13 s.

Appendix 3
Ablation study

This appendix provides an empirical analysis of the key hyperparameter governing our method, namely
the resistance ratio 4 = r/R. This ratio is not merely a numerical hyperparameter but stems directly from the
physical analogy underpinning our framework, where it controls the effective conductance of the optimization
pathway. The ratio ¥ = r/R used in this ablation is distinct from the Chebyshev parameter v = 1+ rn/R used
in Appendix 1.

The parameter 4 acts as a convergence rate modulator. We consider three different values of 4 and plot
we(xy) as a function of the layer ¢ (Figure A3.1) and the corresponding marginal distributions at each ¢-th layer
of pathway (Figure A3.2).

In the high—conductance regime (¥ — 1, Figure A3.1a), the lower relative lateral resistance facilitates

2.00 —7r=1.0 —r=1.0 16 —7r=1.0
1.75 R=1.0 20 R = 100.0 R = 10000
1.50
1.25 1.5
1.00
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0.00 0.0
0 2 4 6 8 0 2 4 6 8 0 2 4 6 8
a) b) c)
Figure A3.1. The dependence of potential ¢¢(x¢) on the layer £ for three values of 4:
a) 4 = 1; b) 4 = 0.01; ¢) 4 = 0.0001
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Figure A3.2. Hlustrative 2D Moons—to—Swiss-roll experiment: input distribution p(x¢) and intermediate distributions
at layers £ =1,...,9 and samples transformed from z ~ p by T'(x) in the layered graph G10(2500,1,1) (top image),
G10(2500,100,1) (middle image) and G10(2500, 10000, 1) (bottom image)
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faster flow and leads to rapid convergence in the initial iterations (top image in Figure A3.2).

In the low—conductance regime (¥ — 0, Figure A3.1c¢), the process results in a slower flow compared to
the previous example. Consequently, the method requires more iterations to converge to the target distribution
(bottom image in Figure A3.2).

Setting 4 = 0.01 leads to the intermediate behavior of our model (middle image in Figure A3.2). Thus,
the resistance ratio 4 defines the rate of probability flow through the circuit.
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