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Abstract: The problem of repeatedly sorting an array of movable particles by an integer field that
specifies the type of physical interaction is considered. The study compares 16 sorting implemen-
tations for an array of 2 - 107 structures on CPUs and a GPU. The optimal algorithm is defined as
the one with the lowest average execution time on fixed input data and a chosen computing plat-
form; when average execution times are close, a smaller amount of auxiliary memory is considered
an additional advantage. All algorithms were tested on the same input array, where the integer
sorting key took random values from the set {—1,0,1,2,3}. For the GPU, only on-device sorting
time measured using CUDA events was compared; memory allocation, data transfers between host
and device, warm-up, and other runtime overheads were not included in the measurement interval.
It is shown that for the considered problem, the comparison-based sorting algorithms and integer-key
sorting methods are fundamentally different: due to the small number of possible sorting key values,
specialized methods such as counting sort and radix sort are significantly more efficient than general-
purpose comparison algorithms. On CPUs, the best results were achieved by the custom specialized
algorithm TPT3 and schemes with parallel sorting of subarrays, while on an NVIDIA Tesla V100
GPU, the leader was DeviceRadizSort from the CUDA CUB library. The conclusions drawn apply
to the specific movable particle structure and key range, the on-device execution scenario on a GPU
and shared-memory computing systems.
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Bui6op namnboJiee Tpon3BOAUTEIHLHOTO AJITOPUTMA COPTUPOBKH
CTPYKTYP JAHHBIX MAaJIOr'0 pa3Mepa 0 MeJOYUCIEHHOMY MOJII0
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Amnnorarusi: PaccmarpuBaercs 3a/iada MHOTOKPATHON COPTHPOBKU MACCHUBA IIEPEHOCUMbBIX TaCTHI]
0 TEJIOYUCIEHHOMY TOJTIO, 3aJlafoleMy Tuil pusndeckoro B3ammojeiictusi. CpasuuBatorcst 16 pe-
aJIM3aIuil COPTHPOBKU MaccuBa, u3 2 - 107 CTpyKTyp Ha IEHTPAJIBHEIX IPOIECCOPAX U IPAPHICCKOM
yckopurejie. [1oj1 onruMalibHBIM TOHUMAETCsI aJITOPUTM C HAMMEHBIIM CPEJIHUM BPEMEHEM BBIITOJTHE-
HUsI Ha (DUKCUPOBAHHBIX BXOJHBIX JAHHBIX ¥ BHIOPAHHON BBIYACIUTEIHHON T1aTdOpMe; TPU OJIM3KUX
CPEJIHUX 3HAYEHUSX BPEMEHU BBLIMOJHEHUsI JOMOJHUTETHLHBIM MPEUMYIIECTBOM CUUTACTCS MEHbBIITUH
o0beM BCIIOMOTATEIbHOM maMmsitu. JIjIsi BCcex aJIrOpUTMOB WCIIOJIB30BAJICSI OJWH U TOT K€ BXOJHOM
MAaCCUB, B KOTOPOM I€JIOYUCJIEHHBIH KJIIOY COPTUPOBKH NMPUHUMAJ CJIydaiiHble 3HAYEHUS U3 MHO-
xkecrBa {—1,0,1,2,3}. Ina GPU cpaBHEBaJIOCH TOJIBKO 0n-device BpeMs COPTUPOBKH, U3MEPEHHOE
npu nomorn CUDA events; Bblie/ileHne maMsiTi, IEPEHOCHI JAHHBIX MexK 1y host u device, warm-up
U [pOYNe HAKJIAJHbIE PACXOJbI CPEJIbl BBHITOJHEHUS B MHTEPBAJ U3MEDEHHs He BKJIOYAINCH. [loka-
3aHO, YTO JJIs PACCMATPUBAEMOI 3aJIa9i aJTOPUTMBI COPTUPOBOK, OCHOBAHHBIE HA CPABHEHUSIX, U
METObI COPTUPOBKY IEJOYUCIEHHBIX KJIIOUell TPUHIUIINAIBHO PA3INYalOTCs: U3-33 MAJIOrO JHCIIa
BO3MOXKHBIX 3HAUEHUI KJIIOo4a COPTUPOBKHU CIIeUaJIM3UPOBaHHbIE METO/Ibl, TaKne KaK COPTHPOBKa
[IOJICYETOM U TOpa3psijiHasi COPTHPOBKA, OKA3BIBAIOTCS CYMIECTBEHHO (D (MDEKTHBHEE YHUBEPCATBHBIX
aJITOPUTMOB CpaBHeHUsi. Ha IeHTpaJbHBIX MPOIECCOpaxX JIyUIlne Pe3yJIbTAThl MOKA3AIN CHEIHAJIU-
3UpOBaHHBIN apropckuii ajroputM TPT3 u cxembl ¢ mapaJule/ibHON COPTHPOBKOI ITOIMAaCCHBOB, a
na GPU NVIDIA Tesla V100 smmaepom crana DeviceRadizSort n3 6udbmmoreku CUDA CUB. Ilo-
JIYYEHHBIE BBIBOJIBI OTHOCATCS K PACCMATPUBAEMBIM CTPYKTYPE TEPEHOCUMON YACTHUIIHI U JTHAIIA30HY
KJII04a, on-device crieHapuio BhinosHerus Ha GPU, a Tak»ke BBIMHCIUTEJILHBIM CHCTEMaM C OOIeit
OIIEPATUBHON ITaMATHIO.

KiaroueBnble cioBa: ITapaJijieJIibHbI€ BbIYHCJ/ICHU A, ITOpa3psd/Had COPTHUPOBKa, COPTUPOBKa IIOACYE-

toM, OpenMP, CUDA, CUDA Thrust, CUDA CUB, CPU, GPU.

st murupoBanus: [amo3o8 A.A. Boibop Hanbosee Mpon3BOAUTEILHOINO aJrOPUTMa COPTUPOB-
KU CTPYKTYD JAHHBIX MAJIOr0 pa3Mepa IO LEeJOYUCIEHHOMY 100 // Bblancimresnbubie MeTOAbl U
uporpamvuposanue. 2026. 27, Ne 3. 317-333. doi 10.26089/NumMet.v27r321.

1. Introduction. Problems involving sorting large arrays of small data structures by a short integer key
regularly arise in particle transport simulation codes, where objects must be grouped by physical interaction
type, state, or another discrete characteristic [1-3]. In addition, sorting simulated particles located in the same
cell of a computational domain by various parameters in order to reduce the number of cache misses is also used,
for example, in molecular dynamics, particle-in-cell (PIC) and hydrodynamics codes [4-7|. In such problems,
the choice of sorting method affects not only the time spent on ordering itself, but also data locality and,
consequently, the efficiency of subsequent computational stages.

In the general-purpose Geant4 toolkit [8, 9] and in specialized radiation transport codes, the task of group-
ing particles by interaction type arises naturally. In TPT3 (Toolkit for Particle Transport 3, a framework for
particle transport simulation, version 3), a high-performance parallel Monte Carlo radiation transport simula-
tion code [10, 11], which runs on CPUs using OpenMP [12] and on GPUs using CUDA [13] and OpenACC [14],
such regrouping is used as a part of the computational pipeline and directly affects the performance of parallel
computations. It is needed to improve locality of data of the same type, which is required for their efficient
parallel processing and for reducing the number of cache misses.
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It is important to emphasize that the question of the “best” sorting algorithm is meaningful only after the
problem model has been specified. For comparison-based sorts, the lower bound on the number of comparisons
is O(nlogn) [15, 16]. At the same time, for integer keys with a bounded range, methods based on counting,
digit-wise processing or bucket distribution can be linear in n [16-18]. Therefore, there is no universal algo-
rithm that is equally optimal for all problem statements: the choice is determined by the key range, the size
of the transported particle structure, stability requirements, available memory and the particular computing
platform.

This distinction is clearly visible in general-purpose library implementations. On CPUs, hybrid schemes
of the introsort family are often used as baseline algorithms [19], whereas specialized hybrid methods, such as
spreadsort [17], are used for integer keys. On GPUs, variants of radix sorting and key-based sorting aimed at
high memory throughput have become widespread [18].

In TPT3, an array of transported particle structures is sorted by an integer field ir, which denotes a type
of physical interaction. In the current problem statement, the field ir takes only five values, from —1 to 3.
For this reason, the comparison between general-purpose comparison-based sorting algorithms and specialized
integer-key methods is especially illustrative here.

In this paper, an optimal algorithm is understood as the algorithm with the smallest average execution
time for fixed input data on a particular shared-memory computing platform. When average times are close,
a smaller amount of additional memory is treated as an advantage. Sorting stability, i.e. preservation of the
relative order of elements with equal key values, is considered an important but not primary characteristic.

The purpose of this work is to compare 16 implementations for sorting a particle array in TPT3 on CPUs
and a GPU, to determine the most efficient variants for the considered particle structure and to indicate the
limits within which the obtained conclusions are applicable. The work does not claim to find a universally best
sorting algorithm. The analysis concerns sorting an array of structures of the form shown in Listing 1 by a
low-cardinality integer key ir on a particular shared-memory computing platform.

2. Problem statement and comparison criteria.In the test problem, an array of N, = 2 - 107
transported particle structures is sorted, which requires approximately 1 GB of memory on the computing
device. The input array size was chosen as the largest one for which the memory consumption even of the most
resource intensive algorithms fits into the 8 GB RAM of the computer with an Intel Core i7-3770 CPU used
in the calculations. The particle structure is described in Listing 1, followed by the declarations of the input

Listing 1. The minimal structure describing a transported particle

1 | typedef std::array<double, 3> double3;
2 | struct P{

3 |int ir;

4 |int id;

5 | double3d r;

6 |double3d p;

7 |P(O):ir(-100),id(-1) ,r{},p{3{}

8 |P(int _ir, int _id):ir(_ir),id(_id),r{},p{}{}
9 | operator unsigned int () const

10 |{ return static_cast<unsigned int> (ir) ~ 0x80000000; }
11 |bool operator>(const P & rhs) const

12 |{ return (ir>rhs.ir); }

13 | bool operator<(const P & rhs) const

14 |{ return (ir<rhs.ir); %}

15 | bool operator==(const P & rhs) const
16 |{ return (ir==rhs.ir); }

17 | bool operator!=(const P & rhs) const
18 |{ return (ir!=rhs.ir); }

19 | };

20

21 |vector<P> particles(N);

22 | vector<P> particles_out (N);
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and output particle arrays. Below, the neutral term “structure” is used rather than POD structure, because the
specified data type contains user-defined constructors and overloaded operators.

The integer field ir is used as the sorting key. In the current version of TPT3, it takes values from the
set {—1,0,1,2,3}; hence the number of distinct keys K is equal to 5. For such a small key range, counting-sort
and radix-sort methods should be expected to outperform general-purpose comparison-based algorithms.

For all considered implementations, the same input array of IV, structures was used. The values of the field
ir in the input array were generated randomly and uniformly over the specified range. The remaining fields of
the structure were moved together with it as associated data. Before each sorting run, the same pre-generated
copy of this array was supplied as input, which made it possible to compare average execution times of different
algorithms directly.

Although sorting stability was not the main criterion for selecting an algorithm, this characteristic is
useful in several applied and debugging scenarios. For example, when analyzing and verifying the computations
described in [20], preserving the relative order of neutrons with the same interaction type substantially simplified
error localization in the software implementation of the weighted modeling algorithm for the nuclear fission chain
reaction.

3. Measurement methodology. A set of 16 sorting implementations was considered. The average
execution time, sorting stability and additional memory requirements were compared. The main optimality
criterion was the average execution time. The minimum amount of auxiliary memory was used as an additional
criterion when average execution times were close.

Each computational task was run m = 3,4, 5 times after a preliminary warm-up of the computing device,
i.e. after several test executions of the same task to bring the processor and cache memory to an efficient
intensive operating regime. For the individual run times tq,...,t,,, the sample mean

1 m
:Ezti

(S

S
Il
-

and the sample standard deviation

s= 1Zm:(ti—t)2

were computed. The half-width of a two-sided 95% confidence interval for the mean execution time of the
program code was determined by the formula

S

At =t o,
0.975,m 1\/5

where £9.975,m—1 is the quantile of Student’s distribution with m —1 degrees of freedom. Table 1 gives the average
times ¢ rounded with regard to At, in order to prevent the presentation of the results from being overloaded
with the full set of statistical data.

On the GPU, only the on-device sorting time was measured. It was determined using CUDA events placed
immediately before the sorting call and immediately after it. Therefore, memory allocation, data transfers
between the CPU (host) and GPU (device), warm-up, auxiliary GPU synchronization outside the measured
interval and other runtime overheads were not included in the measured time. Thus, GPU results should be
interpreted as results for a scenario in which the data are already located in device memory.

In Table 1, the first column gives the algorithm number, which coincides with the sequential number of the
corresponding subsection in Section 4 of this paper. The second column indicates whether the relative order of
particles with the same value of ir is preserved. For stable algorithms, this is achieved by the sorting property
itself. For some comparison-based algorithms, the same effect was achieved by additional ordering with respect
to the field id. The third column gives the number of subarrays Npiy,, and the columns R(-00) and R(-03) show
the ratio of the average execution time of the corresponding sorting algorithm variant to the average execution
time of algorithm 4.16 at the same compiler optimization level. This relative scale is used only as a compact
way of presenting the results within the considered set of numerical experiments and is not intended for a direct
architectural comparison between CPUs and GPUs.

The GitHub repository with the source code for the examples from this article is located at [21]. The files
mentioned below are contained in that repository.
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Table 1. The table of comparative performance of different programming algorithms of sorting of an array
of 2107 transported particle structures on different computing platforms. The algorithm number in the first column
matches the sequential number of the subsection in Section 4 of this paper

No. Order Nbin £, ms (-00) R(-00) £, ms (-03) R(-03) Platform
1 no no 5700 x211 1040 x43.3 4-core CPU Intel Core i7-3770
1 yes no 7800 X289 2100 X87.5 4-core CPU Intel Core i7-3770
1 no no 5300 X196 980 x40.8 64-core CPU Intel Xeon Gold 6242
1 yes no 7200 X267 2040 x 85 64-core CPU Intel Xeon Gold 6242
1 no no 5300 x196 950 x39.6 72-core CPU Intel Xeon E5-2697
1 yes no 7900 X293 2100 x87.5 72-core CPU Intel Xeon E5-2697
2 no no 1100 x40.7 270 x11.3 4-core CPU Intel Core i7-3770
2 no no 1000 x37 270 x11.3 64-core CPU Intel Xeon Gold 6242
2 no no 1200 x44.4 340 x14.2 72-core Intel Xeon E5-2697
3 no no 340 x12.6 340 x14.2 GPU NVIDIA Tesla V100
4 no no 2100 X77.8 2000 x83.3 4-core CPU Intel Core i7-3770
4 no no 2700 x100 2500 x104.2 64-core CPU Intel Xeon Gold 6242
4 no no 2500 xX92.6 2300 x95.8 72-core CPU Intel Xeon E5-2697
5 yes 4 150 x5.6 140 x5.8 4-core CPU Intel Core i7-3770
5 yes 64 650 x24.1 530 x22.1 64-core CPU Intel Xeon Gold 6242
5 yes 2048 85 x3.1 80 x3.3 64-core CPU Intel Xeon Gold 6242
5 yes 72 520 x19.3 470 x19.6 72-core CPU Intel Xeon E5-2697
5 yes 2048 93 x3.4 90 x3.8 72-core CPU Intel Xeon E5-2697
6 yes 8192 41 x1.5 41 x1.7 GPU NVIDIA Tesla V100
7 no no 91 x3.4 93 x3.9 GPU NVIDIA Tesla V100
8 yes 4 2000 x74.1 760 x31.7 4-core CPU Intel Core i7-3770
8 yes 512 1390 x51.5 255 x10.6 4-core CPU Intel Core i7-3770
8 yes 64 340 x12.6 130 x5.4 64-core CPU Intel Xeon Gold 6242
8 yes 512 273 x10.1 94 x3.9 64-core CPU Intel Xeon Gold 6242
8 yes 72 320 x11.9 270 x11.3 72-core CPU Intel Xeon E5-2697
8 yes 512 280 x10.4 120 X5 72-core CPU Intel Xeon E5-2697
9 yes 4 1500 x55.6 700 x29.2 4-core CPU Intel Core i7-3770
9 yes 2048 830 x30.7 210 x8.8 4-core CPU Intel Core i7-3770
9 yes 64 250 x9.3 120 x5 64-core CPU Intel Xeon Gold 6242
yes 2048 180 X6.7 92 x3.8 64-core CPU Intel Xeon Gold 6242
yes 72 270 x10 220 x9.2 72-core CPU Intel Xeon E5-2697
yes 2048 204 X7.6 120 x5 72-core CPU Intel Xeon E5-2697
10 no 256 180 X6.7 180 X7.5 GPU NVIDIA Tesla V100
11 no 4096 45000 x 1670 2900 x121 4-core CPU Intel Core i7-3770
11 no 4096 3300 X122 410 x17.1 64-core CPU Intel Xeon Gold 6242
11 no 4096 4600 x170.4 490 x20.4 72-core CPU Intel Xeon E5-2697
12 no 4 830 x30.7 550 x22.9 4-core CPU Intel Core i7-3770
12 no 64 940 x34.8 680 x28.3 64-core CPU Intel Xeon Gold 6242
12 no 72 920 x34.1 590 x24.6 72-core CPU Intel Xeon E5-2697
13 no 4096 220 x8.1 220 X9.2 GPU NVIDIA Tesla V100
14* no 1024 770 x28.5 810 x33.8 GPU NVIDIA Tesla V100
15 no 1024 120 x4.4 120 X5 GPU NVIDIA Tesla V100
16 no no 27 x1 24 x1 GPU NVIDIA Tesla V100
* The average time for algorithm 4.14 was obtained by extrapolating measurements on smaller arrays; therefore, this result
should be regarded as indicative

Table 2 shows the main characteristics of the used computing platforms. For the Intel Xeon Gold 6242 and
Intel Xeon E5-2697 CPUs, the table lists the characteristics of a single processor, whereas two-socket compute
nodes were used in the experiments. Therefore, below, the designations “64-core Intel Xeon Gold 6242” and
“72-core Intel Xeon E5-2697” refer to the complete compute node and mean, respectively, 64 and 72 logical cores
of two processors. For the GPU, the values in the columns “Number of cores” and “Number of threads’ are
given in the terminology of the device specification and are not used as an independent basis for quantitative
comparison with CPUs. The paper compares fixed hardware configurations. A direct comparison by transistor
count or die area was not used as an independent criterion for explaining relative performance.
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Table 2. Comparative characteristics of used computing platforms

Platform Number of cores Number of | Basic frequency, | Technology, Chip s;zc, Numbgr _of gates,
threads GHz nm mm billion
CPU Intel Core i7-3770 4 4 3.4 22 160 1.4
16 32 2.8 14 484 ~7
CPU Intel Xeon Gold 6242
CPU Intel Xeon E5-2697 18 36 2.3 14 456.1 7.2
GPU NVIDIA Tesla V100 | 5120 CUDA cores 5120 1.4 12 815 21.1

4. Results of numerical experiments.

4.1. Standard C++ sorting with std: :sort. In this paper, std: :sort is used as a comparison-based
baseline general-purpose sorting algorithm (Listing 2). In typical standard library implementations, it belongs to
hybrid algorithms of the introsort family [19], but the C++ standard does not prescribe a particular internal
implementation. Therefore, here we are primarily interested in its performance on the selected platforms.

Listing 2. Usage of a C++ standard sorting algorithm std: :sort

std::sort(particles.begin(),particles.end(),
[J(const P & 1, const P & r)->bool {return 1l.ir>r.ir;});

For the considered problem, std: :sort is inferior to methods that exploit the small range of the key ir.
On the 4-core Intel Core i7-3770 CPU, the average execution time without preserving the order of particles with
equal ir is 1.04 s at -03 and 5.7 s at -00. When the order preservation requirement is added, the corresponding
times are 2.1 s and 7.8 s. On the 64-core Intel Xeon Gold 6242, the times without order preservation are 980 ms
at -03 and 5.3 s at -00, and on the 72-core Intel Xeon E5-2697 they are 950 ms and 5.3 s, respectively.

Sorting without order preservation is defined by the comparator 1.ir > r.ir. For the variant in which a
reproducible ordering of particles with the same ir by increasing id was required for certain tasks, a secondary
ordering by id was added to the comparator:

l.ir > r.ir || (Q.ir == r.ir && 1.id < r.id).

Under the assumption that the field id monotonically corresponds to increasing particle age, this sorting mode
preserves the required relative order of elements within particle groups with the same ir.

To avoid overloading the subsequent presentation, for unstable algorithms only the variant without pre-
serving the relative order of particles with the same interaction type is discussed separately below.

4.2. Sorting from the Boost Sort library. Numerical experiments showed that, among Boost Sort al-
gorithms, the boost: :sort: : spreadsort family gives the best result for the considered problem. This algorithm
combines ideas of radix sorting and comparison-based sorting [17], and its library implementation is described
in [22]. Because sorting is performed by an integer field, the boost: :sort: :spreadsort: :integer_sort variant
was used. Its usage is shown in Listing 3.

On the 4-core Intel Core i7-3770 CPU and on the 64-core Intel Xeon Gold 6242, the average execution
times were 270 ms at -03 and, respectively, 1.1 s and 1 s at -00. On the 72-core Intel Xeon E5-2697, the
times were about 340 ms at -03 and 1.2 s at -00. Thus, spreadsort is noticeably faster than the standard

Listing 3. Usage of an algorithm integer_sort for integer sorting from the high-performance
complex sorting approach spreadsort from the Boost Sort library

#include <boost/sort/spreadsort/spreadsort.hpp>

boost::sort::spreadsort::integer_sort(particles.begin(), particles.end(),
[I(const P & p, size_t offset) ->
unsigned int {return static_cast<unsigned int> (p.ir) ~ 0x80000000;1});

T W N
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comparison-based sort and serves as a strong library baseline for CPUs. However, in the considered problem
statement it is still inferior to more specialized schemes.

4.3. Standard sorting and GPU offloading using an execution policy with the NVIDIA HPC
SDK compiler. This variant is of interest as the least labor intensive way to move sorting to a GPU almost
without changing the original C++ code. Listing 4 shows the use of the std: :execution: :par execution policy
and the -stdpar=gpu flag of the nvc++ compiler. Only the on-device time was included in the comparison,
so this result should be interpreted specifically as an estimate of the efficiency of a library implementation of
offloading to the graphics accelerator in the selected environment.

Listing 4. Usage of standard sorting and GPU offloading with the help of execution policy
within the NVIDIA HPC SDK compiler

#include <algorithm>
#include <execution>

=W N

std::sort(std::execution::par, particles.begin(), particles.end());

On a server node with a 64-core Intel Xeon Gold 6242 CPU and an NVIDIA Tesla V100 GPU, this variant
ran in 340 ms. Within the measurement accuracy, no dependence on the -00 or -03 compilation flags was
observed. This approach is convenient because it does not require an explicit CUDA implementation, but in
terms of performance it is inferior to specialized GPU methods.

4.4. A standard radix-sort algorithm. The file radixsort.cpp in the repository [21] contains an
implementation of a standard radix sort on the CPU. Theoretically, radix sort is well suited to sorting by an
integer key [16, 18], but the practical result is determined by implementation details, the nature of the data
being moved and memory organization.

In the considered implementation, radix sorting of the full array of structures turned out to be substantially
slower than the better performing variants. On the 4-core Intel Core i7-3770 CPU, the average execution time
is 2 s at -03 and 2.1 s at -00. On the 64-core Intel Xeon Gold 6242, the times were 2.5 s and 2.7 s, and on
the 72-core Intel Xeon E5-2697 they were 2.3 s and 2.5 s, respectively. Therefore, merely belonging to the class
of radix-sort algorithms does not guarantee high performance. The specific implementation plays the decisive
role.

4.5. The specialized author-developed particle sorting algorithm in TPT3. Listing 5 and the
file benchmark. cpp in the repository [21] present the specialized algorithm developed for TPT3. In essence, it is
an extended and upgraded counting-sort method. First, the original array is divided into N;, subarrays. Then,
for each subarray, the number of particles with each value of ir is counted. Next, prefix offsets are computed.
Finally, elements are copied to the output array into the required ranges.

Listing 5. The specialized TPT3 particle-structure sorting algorithm

1 | template <size_t Nt>

2 |void mysort_Nthreads (vector<P> & particles)
3 |4

4 int COUNTbin [5] [Nbin];

5 memset (COUNTbin ,0, sizeof (COUNTbin));

6 int OFFSET[5][Nbin];

7 int COUNT[5];

8 memset (COUNT ,0,sizeof (COUNT)) ;

9 int COUNTERbin [5][Nbin];

10 memset (COUNTERbin ,0,sizeof (COUNTERbin));
11 int init[Nbin];

12 int fin[Nbin];

13 const int dL=LIFE/Nbin;

14 const int DL=dL+1;

15 const int n=Nbin-LIFE%Nbin;

16 #pragma omp parallel for

17 for (int b=0; b<Nbin; b++)
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18 {

19 if (b<n)

20 {

21 init [b]=b*dL;

22 fin[b]l=(b+1) *dL;

23 }

24 else if (b==n)

25 {

26 init [b]l=nx*dL;

27 fin[b]l=n*dL+DL;

28 }

29 else if(b>n)

30 {

31 init [b]=n*dL+DL*(b-n);

32 fin[bl=n*dL+DL*(b-n+1) ;

33 }

34 }

35 #pragma omp parallel for

36 for (int b=0; b<Nbin; b++)

37 for(int j=init[bl; j<fin[bl; j++)
38 COUNTbin [(3-particles[j].ir)][b]l++;
39 #pragma omp parallel for

40 for (int j=0; j<5; j++)

41 for(int b=0; b<Nbin; b++)

42 COUNT[j] += COUNTbin[jl[bl;

43 OFFSET [0] [0]1=0;

44 for (int j=1; j<5; ++j)

45 OFFSET[j1[0]=0FFSET[j-11[0]+COUNT[j-1];
46 #pragma omp parallel for

47 for(int j=0; j<5; j++)

48 for(int b=1; b<Nbin; b++)

49 OFFSET[j][b]l=COUNTbin[j][b-1]J+0FFSET[j][b-1];
50 #pragma omp parallel for

51 for (int b=0; b<Nbin; b++)

52 {

53 for(int j=init[bl; j<fin[bl; j++)
54 {

55 const int ir=3-particles[j].ir;
56 particles_out [ OFFSET[ir][b] + COUNTERbin[ir][bl++ l=particles[jl;
57 }

58 }

59 |}

For a fixed number of distinct keys K = 5, the computational complexity of this approach is O(V,), and
the additional memory is O(N, + K Nyi,) because of the output array and auxiliary counters. The algorithm
preserves the relative order of particles with the same value of ir, because within each subarray copying to the
output array is performed in the original order. In this sense, it is a specialized stable variant of the counting-sort
idea [16].

On the 4-core Intel Core i7-3770 CPU, the average execution time is about 140 ms at -03 and 150 ms at
-00 in the case when Ny, = 4 is chosen. On the 64-core Intel Xeon Gold 6242 CPU with Ny;, = 64, the times
were 530 ms at -03 and about 650 ms at -00; on the 72-core Intel Xeon E5-2697 CPU with Ny, = 72, the
times were approximately 470-520 ms.

The number of subarrays Ny, was standardly chosen to be equal to the number of logical cores of the
corresponding CPU. However, it was found that at Npy, = 2048 substantially higher performance can be
achieved on many-core CPUs: 80 ms on the 64-core Intel Xeon Gold 6242 CPU and 90 ms on the 72-core Intel
Xeon E5-2697 with the -03 compilation flag. This is only 3 times slower than the GPU performance leader —
algorithm 4.16. Moreover, without compiler optimizations the execution time increases only slightly, as shown
in Table 1.
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The observation that disabling OpenMP parallelization hardly changes the final execution time indicates
that memory operations are the main limiting factor in this software implementation: the benefit of paralleliza-
tion is limited here by intensive copying of data structures.

Nevertheless, on the 4-core CPU this specialized author-developed algorithm proved to be the best stable
sorting variant among the considered ones.

4.6. The specialized author-developed TPT3 particle sorting algorithm implemented on the
GPU using the CUDA Thrust library. The file cuda_mysort_using_thrust.cu in the repository [21]
contains a GPU implementation of algorithm 4.5 using the CUDA Thrust library. The key points of the software
implementation are shown in Listing 6. The distinguishing characteristics of this sorting variant remain the
very small key-value range and the execution of the main sorting operations on the GPU.

Listing 6. The specialized TPT3 sorting algorithm implemented on GPU using CUDA Thrust

1 |#include <cuda_runtime.h>

2 |#include <thrust/host_vector.h>

3 |#include <thrust/device_vector.h>

4 |#include <thrust/sort.h>

5 |#include <thrust/copy.h>

6 |#include <thrust/fill.h>

7 |#include <thrust/transform.h>

8 |#include <thrust/for_each.h>

9 ...

10 | for(int b=0; b<Nbin; ++Db)

11 | {

12 thrust::sort (

13 thrust::device,

14 particles.begin()+init [b],

15 particles.begin()+fin[b],

16 [] __device__ __host__ (P & a, P & b)
17 {

18 return a.ir<b.ir;

19 3

20 )

21 |}

22

23 |P* parray_pointer = thrust::raw_pointer_cast(particles.data());
24 | int* count_minusl_pointer=thrust::raw_pointer_cast(count_minusl.data());
25 | ...

26 | thrust::for_each(

27 thrust::device,

28 thrust::make_counting_iterator (0),

29 thrust::make_counting_iterator (Nbin),

30 [=] __device__ (int b)

31 {

32 for(int j=init_pointer[b]; j<fin_pointer[bl; ++j)
33 {

34 const P & pp=parray_pointer[j];

35 if (-1 == pp.ir) count_minusl_pointer [b]++;
36 else if (0 == pp.ir) countO_pointer [b]++;
37 else if(1 == pp.ir) countl_pointer [b]++;
38 else if(2 == pp.ir) count2_pointer [b]++;
39 else if(3 == pp.ir) count3_pointer [b]++;
40 }

41 }

42 |);

43 | ...

44 | for (int b=0; b<Nbin; ++b)

45 | {

46 const int shiftl=count_minusil_host_copyl[bl;
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47 Px parray_dptr=thrust::raw_pointer_cast( particles.data() );

48 Px parray2_dptr=thrust::raw_pointer_cast( particles_out.data() );
49 cudaMemcpyAsync (

50 parray2_dptr+pointer_minusl_host_copy[b],

51 parray_dptr+init_host_copy[b]l,

52 count_minusl_host_copy[b] * sizeof (P),

53 cudaMemcpyDeviceToDevice) ;

54

55 |}

On the NVIDIA Tesla V100 GPU, the best result was achieved at Ny, = 8192 and was 41 ms. Within the
measurement accuracy, no dependence on compiler optimizations was observed. This is the second best result
among all considered GPU implementations. Thus, the computational scheme specialized for this problem is
only slightly (about 1.5 times) slower on the GPU than the performance leader, namely the library radix sort
for graphics accelerators.

4.7. Direct implementation of particle sorting on the GPU using the CUDA Thrust li-
brary. Listing 7 shows the simplest variant of a general-purpose GPU sorting implementation: a direct call to
thrust::sort for the array of structures. This variant is important as a baseline library approach that does
not require the development of a custom specialized sorting scheme.

Listing 7. Direct implementation of sorting on GPU using CUDA Thrust

#include <thrust/host_vector.h>
#include <thrust/device_vector.h>
#include <thrust/sort.h>

thrust::device_vector <P> particles_dev(N);

thrust::sort(thrust::device, particles_dev.begin(), particles_dev.end(),
[1 __device__ host__ (P & a, P & b){return a.ir>b.ir;});

thrust::host_vector<P> particles_check(N);

© 00 N O Uk W N

thrust::copy(particles_dev.begin(), particles_dev.end(), particles_out.begin());

On the NVIDIA Tesla V100 GPU, this variant gives an execution time in the range 91-93 ms at the -00 and
-03 compilation flags. Although this result is about 4 times worse than the one obtained using algorithm 4.16,
it is practically important: high performance is achieved by direct use of a library implementation, without the
need to develop a custom specialized sorting scheme.

4.8. CPU particle sorting by splitting the original array into subarrays and applying std: :sort
to each of them in parallel using std: :thread. In this variant, the original array is divided into Ny;, sub-
arrays, after which std: :sort is launched independently for each subarray in a separate std: :thread worker
thread. Then particles with the same physical interaction type, already sorted within each subarray, are copied
in parallel to the output data array with corresponding offsets. The complete software implementation of the
algorithm is in the file cpu_sorting_in_place.cpp [21].

On the 4-core Intel Core i7-3770 CPU, the average execution time was 760 ms at -03 and 2 s at -00. On
the 64-core Intel Xeon Gold 6242 CPU, the corresponding times were 130 ms and 340 ms, and on the 72-core
Intel Xeon E5-2697 they were 270 ms and 320 ms. Thus, on the many-core CPU, this approach is substantially
faster than a call to std: :sort.

If intermediate arrays are used to store the results of particle sorting in each subarray, instead of imme-
diately copying the sorting results from each subarray to the final output array, the performance of the code
decreases by 16% with -03 optimizations and by only 6% with -00.

The number of threads, corresponding to Ny, was set equal to the number of logical processor cores. It
can be determined, for example, by the $ nproc command in Linux or by the C+-+ standard library function
std: :thread: :hardware_concurrency(). However, numerical experiments showed that at Npy, = 512 sub-
stantially higher performance is achieved on CPUs. The corresponding measurement results are given in Table 1.

4.9. CPU particle sorting by splitting the original array into subarrays and applying std: : sort
to each of them in parallel using OpenMP. This algorithm is completely analogous to variant 4.8, but
OpenMP is used for parallelization. Its source code is also contained in the file cpu_sorting_in_place.cpp [21].
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On the 4-core Intel Core i7-3770 CPU, the average execution time was 700 ms at -03 and 1.5 s at -00.
On the 64-core Intel Xeon Gold 6242 CPU, the times were 120 ms and 250 ms, and on the 72-core Intel Xeon
E5-2697 they were 220 ms and 270 ms. Among all numerical experiments aimed at determining computational
performance, this variant showed the best result on the Intel Xeon Gold 6242 CPU.

The number of computational threads and the value of Ny, were initially chosen to be the same, also equal
to the number of logical processor cores. However, after investigating the dependence of sorting performance
on the number of subarrays, it was found that the maximum performance is achieved at Nyp;, = 2048: 92 ms
on the 64-core Intel Xeon Gold 6242 CPU and 120 ms on the 72-core Intel Xeon E5-2697 at -03, which is only
4-5 times slower than algorithm 4.16 on the GPU.

4.10. GPU particle sorting by splitting the original array into subarrays and applying
thrust::sort to each of them in parallel. In algorithms 4.8 and 4.9, parallelization was performed on
the CPU. Here the same general approach is implemented on the GPU using the CUDA Thrust library (file
cuda_sort_thrust_on_gpu.cu [21]). On the NVIDIA Tesla V100 GPU, calculations for this sorting variant
took 180 ms both at -03 and at -00.

The CUDA Thrust library can launch code not only on NVIDIA graphics accelerators but also on CPUs.
Therefore, the same code was recompiled for CPU execution and showed performance approximately 16, 2, and
3 times lower than on the NVIDIA Tesla V100 GPU on the Intel Core i7-3770, Xeon Gold 6242, and Xeon
E5-2697 CPUs, respectively.

4.11. CPU particle sorting by splitting the original array into subarrays and applying
thrust::sort to each of them in parallel. Because the CUDA Thrust library supports execution on both
central processing units and graphics accelerators, sorting variant 4.10 was adapted for CPUs with minimal
changes related to allocating memory on the CPU rather than on the GPU. The corresponding source code is
given in the file cuda_sort_thrust_on_cpu.cu [21]. It was experimentally established that for the Intel Xeon
Gold 6242 and Intel Xeon E5-2697 the best results are achieved at Ny;, = 4096.

On the 4-core Intel Core i7-3770 CPU, the average execution time was 2.9 s at -03 and 45 s at -00. On
the 64-core Intel Xeon Gold 6242 CPU, the times were 410 ms and 3.3 s, and on the 72-core Intel Xeon E5-2697
they were 490 ms and 4.6 s. On the 4-core Intel Core i7-3770 CPU, the performance did not depend on Ny,
so on this computing platform the same value was used as on the others. This sorting variant is of interest as
an experiment in moving the same code between CPUs and GPUs, but on CPUs it cannot compete with the
best specialized solutions.

4.12. The particle sorting algorithm previously used in TPT3 on CPUs. Here we consider the
particle sorting algorithm previously used in TPT3, which employed auxiliary intermediate arrays. It requires a
large amount of additional memory and does not preserve the relative order of particles with the same interaction
type. After the emergence of the faster stable solution 4.5, its usage was discontinued. Nevertheless, it was of
interest to assess the potential performance of the former sorting algorithm when launched on the GPU.

This subsection considers the implementation of this algorithm for CPUs, given in the file
tpt3_old_sort_cpu.cpp [21]. This sorting variant required 550 ms of execution time at -03 and 830 ms
at -00 on the 4-core Intel Core i7-3770 CPU, 680 ms and 940 ms on the 64-core Intel Xeon Gold 6242 CPU and
590 ms and 920 ms on the 72-core Intel Xeon E5-2697, respectively. As can be seen, on the 4-core Intel Core
i7-3770 CPU it is almost 4 times slower than the specialized TPT3 algorithm 4.5. At the same time, on the 64-
and 72-core CPUs its performance is comparable with that of 4.5, whereas algorithms 4.8, 4.9 are several times
faster. Moreover, as noted above, it requires allocation of a large amount of additional memory and does not
preserve the relative order of transported particles with the same ir.

Thus, on CPUs this algorithm cannot be regarded as optimal in terms of either performance or allocated
memory. Therefore, it is advisable to use instead algorithms 4.5, 4.8 and 4.9, which are substantially superior
by these characteristics.

4.13. The particle sorting algorithm previously used in TPT3 on the GPU. This is the same
algorithm as in the previous subsection 4.12, but ported to the GPU using the NVIDIA CUDA programming
language for graphics accelerators. Its GPU implementation is in the file cuda_sort_no_shared_memory. cu [21],
where a variant without CUDA shared memory is given.

On the NVIDIA Tesla V100 GPU, it showed an average execution time of about 220 ms independently of
compiler optimization flags, which is only 9 times slower than the fastest GPU sorting variant — algorithm 4.16.
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4.14. The particle sorting algorithm previously used in TPT3 on the GPU using CUDA
shared memory. This is the same algorithm as in 4.13, but using CUDA shared memory. Its program code
is contained in the file cuda_sort_shared_memory.cu [21]. The strongly limited size of CUDA shared memory
did not allow a direct run for the full particle array of size N, = 2 - 107. Therefore, the task was run on smaller
arrays, and the time was then extrapolated to the original size.

For this reason, the average execution time result for algorithm 4.14 should be interpreted with caution.
The obtained estimates were 805 ms at -03 and 765 ms at -00. These values are included in Table 1 only as
a guideline and should not be regarded as fully comparable with direct measurements of the execution time of
the other algorithms.

4.15. The particle sorting algorithm previously used in TPT3 on the GPU without CUDA
shared memory, parallelized using CUDA streams. Here the sorting algorithm 4.13 was parallelized on
the GPU using CUDA streams without using shared memory. Its software implementation is given in the file
cuda_threads_sort.cu [21]. It was experimentally found that the best result on the NVIDIA Tesla V100 GPU
is achieved with 16 CUDA streams.

The average execution time was 120 ms both at -03 and at -00. Thus, even for the old algorithmic
scheme, the transition to a graphics accelerator implementation gives a substantial performance increase. At
the same time, using intermediate arrays to store the sorting results in each particle subarray, as was done at
early stages of TPT3 development, not only doubles the amount of consumed memory but also increases the
average execution time by 85% at -03 and by 43% at -00.

4.16. The fastest particle sorting algorithm on the GPU using the NVIDIA CUDA CUB
library. The fastest variant among the considered transported particle sorting methods turned out to be the
cub: :DeviceRadixSort: :SortPairs call from the CUDA CUB library [18, 23|. This method belongs to library
implementations of key-based radix sort and is well suited to the considered problem of sorting structures by the
short integer field ir. In its implementation, a separate key array is formed, after which SortPairs permutes
both the keys and the corresponding particle structures.

When using this library, an incompatibility problem arose between the versions of CUDA, the Thrust
library, and the CUB library used. To eliminate the incompatibility between CUDA 11.4 and the CUB library,
trial and error showed that the latest CUB release compatible with CUDA 11.4 is CUB 1.14. This release was
used in the calculations. However, another problem then arose: CUB 1.14 was incompatible with the used
Thrust 1.9.5 library, because it was much older. The only way to eliminate this error was to define the macro
shown in Listing 8. This eliminated the compilation error caused by the absence of the corresponding header
files and of the definition of this macro in the older CUDA CUB version. To compile the program using CUB,
the nvce compiler and the corresponding -00 and 03 performance flags had to be used.

Listing 8. The macro needed to fix a compilation error caused by library incompatibility

1 |#define THRUST_NS_QUALIFIER thrust

Listing 9 below shows an example of using cub: :DeviceRadixSort::SortPairs. Here sorting was per-
formed directly in the original array, without copying to an output array, and for clarity the particle array was
given a name different from that in Listing 1.

Listing 9. The fastest particle sorting algorithm on GPU using the CUB library of NVIDIA CUDA

1 |#include <cub/config.cuh>

2 |#include <cub/util_type.cuh>

3 |#include <cub/util_allocator.cuh>
4 |#include <cub/util_namespace.cuh>
5 |#include <cub/version.cuh>

6 |#include <cub/device/device_radix_sort.cuh>
VO I

8 | {

9 P* h_points=new P[N];

10 int* h_keys=new int[N];

11 for(int i=0; i<N; i++)

12 {

13 h_points[i]l={rand () %5-1,-9};
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14 h_keys[il=h_points[i].ir;

15 }

16 Px d_points;

17 int* d_keys;

18 cudaMalloc (&d_points, Nxsizeof (P));

19 cudaMalloc (&d_keys, N*sizeof (int));

20 cudaMemcpy (d_keys, h_keys, N*sizeof (int), cudaMemcpyHostToDevice);
21 cudaMemcpy (d_points, h_points, N*sizeof (P), cudaMemcpyHostToDevice) ;
22 void* d_temp_storage=nullptr;

23 size_t temp_storage_bytes;

24 cub::DeviceRadixSort::SortPairs(d_temp_storage, temp_storage_bytes,
25 d_keys, d_keys,

26 d_points, d_points,

27 N);

28 cudaMalloc (&4d_temp_storage, temp_storage_bytes);

29 cub::DeviceRadixSort::SortPairs(d_temp_storage, temp_storage_bytes,
30 d_keys, d_keys,

31 d_points, d_points,

32 N);

33 R

34 delete [] h_points;

35 delete [] h_keys;

36 cudaFree (d_points);

37 cudaFree (d_keys) ;

38 cudaFree(d_temp_storage);

39 |}

In accordance with the measurement methodology adopted in this work, the measured GPU execution time
interval included only the on-device time of the sorting operation itself. For algorithm 4.16, at the beginning of
the measurement the key array and the value array were already located on the GPU, and the required temporary
buffer size had already been determined. Therefore, the measured interval characterizes specifically the time
of the cub::DeviceRadixSort::SortPairs call for an already prepared key/value representation. Memory
allocation, preparation of buffers on the host, host—device transfers, warm-up and auxiliary synchronization
outside the measurement interval were not included in the measured execution time. It should be noted that
the additional time delay associated with a one-time copying of the key array from the CPU to the GPU and
back, in a scenario with repeated calls to a sorting procedure for data located on the GPU, is negligibly small
and does not reduce performance when the number of sorting calls on the graphics accelerator is large. In the
considered problem statement, this variant showed the best results: 27 ms at -00 and 24 ms at -03 on the
NVIDIA Tesla V100 GPU.

From a practical standpoint, this means that in a scenario in which the data are already located in graphics
accelerator memory and must be sorted repeatedly, the CUB library radix sort is the most preferable of all the
considered GPU implementations.

5. Discussion of the results. The obtained results agree with theoretical expectations for sorting struc-
tures by a short integer key. Because sorting is performed by an integer key of cardinality K = 5, general-purpose
comparison-based sorting algorithms are at a disadvantage relative to specialized schemes such as counting sort
and radix sort. This is especially clear when std: :sort from 4.1 is compared with algorithms 4.5, 4.6 and 4.16.

Among CPU library sorting variants, the strongest solution was boost::sort::spreadsort::
integer_sort from 4.2. It is noticeably faster than std::sort, which is consistent with its hybrid nature
and its better correspondence to the problem of sorting by an integer key. However, even this variant is inferior
to the best specialized CPU sorting implementations in the considered problem statement.

On CPUs, the best result depends on the architecture and on the stability requirement. On the 4-core Intel
Core i7-3770 CPU, the most successful variant was the specialized author-developed stable TPT3 algorithm 4.5,
with an average execution time of 140 ms. On the 64-core Intel Xeon Gold 6242 CPU, the best times were shown
by schemes with parallel subarray sorting 4.8 and 4.9 — about 90 ms. This means that when moving to many-
core platforms software engineering aspects of the implementation become more important: parallelization,
memory behavior and overheads associated with moving transported particle structures.
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Fig. 1. The computation time for sorting an array of

2.107 particles with the help of algorithms 4.5, 4.6

depending on the value of subarray number Ny, on
different computing platforms

Fig. 2. The computation time for sorting an array of

2. 107 particles with the help of algorithms 4.8-4.10

depending on the value of subarray number Ny, on
different computing platforms

Algorithm 4.5 remains an important result precisely because it combines high performance with stability.
Its performance on many-core CPUs is limited mainly by memory bandwidth. However, on a CPU with only 4
cores it showed one of the best results among stable CPU sorting variants. Therefore, the specialized scheme
based on counting sort is valuable not only as a theoretically appropriate method for a small key range, but
also as a practically efficient implementation.

On the GPU, the clear leader was cub: :DeviceRadixSort: :SortPairs 4.16: 24 ms at -03 on the NVIDIA
Tesla V100. The closest sorting variant was the GPU implementation of the specialized author-developed TPT3
particle sorting algorithm using CUDA Thrust 4.6, with an execution time of 41 ms. A direct thrust: :sort
call 4.7, although inferior to the performance leader, nevertheless provides high computational speed with
minimal programming effort.

It should be emphasized separately that the comparison of GPU code variants in this paper is performed
only by on-device sorting time. For algorithm 4.16, this means that exactly the SortPairs stage is compared,
with the key/value representation already prepared on the device. Within the adopted optimality criterion,
such a comparison is correct and consistent with the general measurement methodology. This work did not
aim to compare full end-to-end execution time including memory allocation and host—device data transfers.
Therefore, the recommendation to use algorithm 4.16 applies primarily to problems similar to particle sorting
in TPT3, where data remain in GPU memory for a long time and the sorting algorithm is invoked repeatedly.

The execution time result for algorithm 4.14 should not be interpreted on par with the direct performance
measurements for the other algorithms, because it was obtained by extrapolation. By contrast, the comparison
of algorithms 4.13 and 4.15 is useful from the standpoint of software engineering: it shows how strongly the
quality of a GPU software implementation can affect the final computational performance even for the same
basic algorithmic idea.

Of particular interest was the study of how the execution time of algorithms that use subarrays for sorting
depends on the number of subarrays Np;,. For this purpose, the fastest algorithms among those using subarrays
for parallel sorting were selected: 4.5, 4.8 and 4.9 on CPUs and 4.6 and 4.10 (as a full GPU analogue of 4.9) on
graphics accelerators. The sorting time for an array of N, = 2 - 107 transported particles as a function of the
number of subarrays Ny, is shown in Fig. 1 for algorithms 4.5 on the CPU and 4.6 on the GPU and in Fig. 2
for algorithms 4.8 and 4.9 on the CPU and 4.10 on the GPU.

Figure 1 shows that initially when Ny;, does not exceed 100-1000 (depending on the considered CPU), the
execution time increases. This occurs when the number of particles in the subarrays is large, i.e. exceeds tens of
thousands for many-core CPUs and hundreds of thousands for the Intel Core i7-3770. Starting from Nyp;, = 100
for the 4-core CPU and from Ny;, = 1000 for many-core CPUs, the execution time reaches a minimum and
remains unchanged as the number of subarrays increases further. For many-core CPUs, this steady execution
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time is 2.5 times shorter than the execution time at Ny, = 1, whereas for the 4-core Intel Core i7-3770 these
times almost coincide. At the same time, the computation speed on the NVIDIA Tesla V100 GPU grows directly
proportionally to the number of subarrays from Ny, = 1 to approximately Ny, = 20 and, starting from this
value, it grows approximately proportionally to v/Npi,, reaching a maximum at Npi, = 8192 (the use of this
value for sorting algorithm 4.6 is reflected in Table 1). After that, a slight slowdown is observed.

The dependence of execution time on Ny;, when using sorting algorithms 4.8 and 4.9 on different CPUs
and 4.10 on the NVIDIA Tesla V100 GPU is shown in Fig. 2. Measurements of the execution time of algo-
rithm 4.8 terminate at values of Ny, substantially smaller than for 4.9, because the used computing platforms
had a system limit on the number of created computational threads that prevented moving to larger Npiy.
Nevertheless, from the results for the 4-core CPU in Fig. 2, one can assume that the examined execution time
of sorting algorithm 4.8 decreases as the number of computational threads (and, correspondingly, subarrays)
grows, reaching a minimum at Np;, ~ 1000 and then begins to increase again. At the same time, using OpenMP
to parallelize sorting algorithm 4.9 leads to a continuous increase in execution speed as Ny, grows, reaching a
maximum at Npi, ~ 2 - 10% and then remaining unchanged. Therefore, from Fig. 2, it can be stated with good
accuracy that the maximum performance of algorithms 4.8, 4.9 on CPUs is observed at Ny, = 512 and 2048,
respectively, as reflected in Table 1. For algorithm 4.10 on the NVIDIA Tesla V100 GPU, the performance
maximum when sorting N, = 2 - 107 particles is reached at Ny, ~ 200 and the dependence of execution time
on the number of subarrays is even more pronounced, reaching 7.7 s at Npij, = 1 and 2 s at Ny, = 32768.

Figure 3 shows the reduced sorting time per particle as a function of IV, for algorithm 4.5 on the CPU, as
well as for algorithms 4.6 and the fastest sorting algorithm 4.16 on the GPU. It was approximated in a unified
way as t/N, = t1 /N, + t2, where t is the total execution time, ¢; is the initialization time of the program code
on the considered computing platform and ¢, is the reduced execution time per particle after the computation
reaches an efficient intensive operating regime with high parallelization efficiency, when initialization costs
become negligibly small. The reduced execution time of algorithm 4.5 on the 64-core Intel Xeon Gold 6242
CPU (black points) was described by the fitting function 5.71 - 107 /N, + 1.51 ns, algorithm 4.6 on the GPU by
2.05 - 10%/N, + 1.98 ns (red points) and algorithm 4.16 on the GPU by 5.46 - 105/N,, + 1.21 ns (blue points).
On the NVIDIA Tesla V100 GPU, the maximum particle-array size for which calculations were carried out was
Ny =2- 108, because at this Ny, the total memory allocated for the input and output particle arrays in computer
memory is approximately 21 GB, whereas at N, = 5 - 10% it already exceeds the graphics accelerator memory
size of 32 GB. Thus, the largest initialization time is observed for sorting algorithm 4.5 on the 64-core Intel
Xeon Gold 6242 CPU and is 57 ms. For algorithms 4.6 and 4.16 on the GPU, it is 2 us and 0.5 us, respectively.
In terms of the reduced execution time per particle, algorithm 4.5 on a many-core CPU is 25% faster than 4.6
on the GPU and, in turn, is approximately the same amount slower than 4.16.
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Finally, Fig. 4 shows the dependence of the execution time of algorithms 4.9 on the CPU and 4.10 on
the GPU on the number of particles N,. In these algorithms, the standard std: :sort sort, which has average
asymptotic time complexity of O(nlogn), where n is the number of elements being sorted, is used in parallel
in each subarray. Therefore, by analogy with Fig. 3, the total execution time can be represented as t =
t1 + ta - Nplog V. In this regard, the reduced sorting time per particle for algorithm 4.9 on the 4-core Intel
Core i7-3770 CPU was described by the function 1.5 - 106/N,, + 0.64 - log N, ns (red curve). The maximum
number of particles on this CPU, for which calculations were performed, was N, = 10%. At this value of
Np, the memory allocated for storing the input particle array is 5.2 GB, and for the input and output arrays
it is already 10.4 GB, whereas the RAM of the 4-core Intel Core i7-3770 CPU is only 8 GB. Thus, in this
case the computing device evidently remains operational due to paging and swap memory, whose size on this
CPU is 11 GB. However, when IV, is doubled, even swap memory is insufficient and the computing device
freezes, which explains the upper limit on N, on the 4-core CPU. For the 64-core Intel Xeon Gold 6242 CPU
and the NVIDIA Tesla V100 GPU, however, it was not possible to describe the execution time by this model
dependence. The times were fitted instead by 5.17 - 107 /N, + 1.8- 1076 -log® N,, ns (algorithm 4.9, black curve)
and 8.5-107 /N, +2.8-107¢ - log® N, ns (algorithm 4.10, blue curve), respectively. Therefore, it is not possible
to interpret the physical meaning of the parameters in these dependences. At the same time, Fig. 4 shows that
the minimum reduced sorting time per particle for algorithm 4.9 was 10 ns on the 4-core CPU and 4 ns on the
64-core CPU, while for sorting algorithm 4.10 on the NVIDIA Tesla V100 GPU it was 6.7 ns. This is several
times larger than for the algorithms in Fig. 3.

Overall, the obtained data confirm that in the considered problem statement, there is no single “best”
algorithm without qualifications. For CPUs, the choice depends on the architecture and the stability require-
ment. For GPUs, it depends on whether on-device or end-to-end time is compared. As noted above, however,
when data remain in GPU memory for a long time and the sorting procedure is called repeatedly, the additional
time delay associated with a one-time data copy from the CPU to the GPU and back is negligibly small, and
the on-device execution time is decisive. Nevertheless, within the optimality criterion adopted in this paper,
definite conclusions can be drawn for the specified data structure and key range.

6. Conclusion. This paper compared 16 implementations for sorting an array of N, = 2-107 transported
particles, described by the structure in Listing 1, by the integer field ir. All algorithms used the same input
array with random ir values from the set {—1,0,1,2,3}.

It has been shown that for such a small key range, general-purpose comparison-based sorting algorithms
are not the best choice in terms of performance. Among CPU implementations, the best results were shown
by the specialized author-developed stable TPT3 sorting algorithm 4.5 on the 4-core Intel Core i7-3770 CPU
(140 ms) and on many-core CPUs (80 and 90 ms on 64- and 72-core CPUs), as well as by schemes with parallel
subarray sorting 4.8, 4.9 on the 64-core Intel Xeon Gold 6242 CPU (90 ms). Among CPU library sorting
variants, boost: :sort: :spreadsort::integer_sort was the best in terms of performance, but it is inferior
to the fastest algorithms.

On the NVIDIA Tesla V100 GPU, the fastest method was algorithm 4.16, based on radix sort from the
CUDA CUB library: 24 ms at -03. This value refers specifically to the sorting stage with data already prepared
on the GPU. The closest variant in performance was algorithm 4.6, which is a GPU implementation of the
specialized TPT3 sorting scheme 4.5 using the CUDA Thrust library, with an execution time of 41 ms.

Thus, within the optimality criterion adopted in this work, the most preferable option for the considered
problem statement on the GPU is radix sort from the CUB library, whereas for CPUs the preferable options
are specialized or specially parallelized software implementations adapted to the data structure and the small
key range. These conclusions apply specifically to the considered transported particle structure and to the
performance comparison by on-device GPU computation time. Transferring them to other data types and key
ranges requires separate experimental verification.
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