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Аннотация: Мы сравниваем поведение ошибок двух методов, используемых для нахождения
численного решения линейного интегро-дифференциального уравнения Фредгольма со слабо
сингулярным ядром в банаховом пространстве 𝐶1[𝑎, 𝑏]. Мы строим приближенное решение на
основе модифицированного кубического метода коллокации b-сплайнов. Рассматривается так-
же другая оценка точного решения, построенная с применением численного процесса интегри-
рования по произведению и квадратурам. Два предложенных метода приводят к решению ли-
нейной алгебраической системы. Доказана устойчивость и сходимость кубической b-сплайновой
коллокации. Мы тестируем эти методы на конкретном примере и сравниваем численные ре-
зультаты с точным решением для того чтобы продемонстрировать эффективность и простоту
модифицированного метода коллокации.
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1. Introduction. Integro-differential equations are considered one of the most well-known mathematical
equations, which are used in many fields, for instance in physics [1, 2], biology [3], dynamics [4, 5], medicine
[6], computer science [7], etc. Their explicit form varies depending on the studied scientific task. A big number
of these equations have been investigated previously in different papers on the relevant topics. Among them,
the equations with a weakly singular kernel in the non-linear Volterra form [8–10], in the non-linear Fredholm
form [11], in the linear Fredholm form [12] or in the non-linear Volterra-Fredholm form [13] play a prominent
role. For example, they are extensively applied in the network studies [14, 15], in COVID-19 researches [16] and
others.

Because of the great number of forms of these equations, the study of the analytical solution is difficult
and generally impossible. However, nowadays the various numerical methods and techniques are known to find
good approximations of their solutions, namely the domain decomposition method [1], the degenerate kernel
[12], the product trapezoidal rule [8, 9, 11, 13, 17], the meshless local discrete collocation technique [18], the
projection method [19] and the Fourier series [20].

In this manuscript we construct two different methods to search for an approximate solution of the linear
integro-differential Fredholm equation with a weakly singular kernel, which we have already studied in the
continuous case [21, 22]. This time, we put the singularity in the derivative part, such that the equation has
the following form:

∀𝑥 ∈ [𝑎, 𝑏] : 𝜆𝑢(𝑥) =

𝑏∫︁
𝑎

𝐾1(𝑥, 𝑡)𝑢(𝑡)𝑑𝑡+

𝑏∫︁
𝑎

𝑝(|𝑥− 𝑡|)𝐾2(𝑥, 𝑡)𝑢
′(𝑡)𝑑𝑡+ 𝑓(𝑥), (1)

where 𝑓(𝑥) is a given term defined in 𝐶1[𝑎, 𝑏] and 𝜆 is a real or complex parameter, which depends on physical
quantities in practice.

In the first approach we construct a solution of Eq.(1) based on the b-spline collocation method [23–26].
We consider the error of this approximate method using the convergence of projection operator. In the second
one, we apply the product integration method to transform our equations in a linear system containing 4 blocks.
The convergence of the approximate solution is ensured by constructing a sufficient condition. At the end, we
provide for the numerical examples to illustrate the difference between these two methods.

2. Preliminary. For a better understanding of the content of this manuscript by readers, we will start
this section by introducing some functional basics and spaces.

Definition 1. 𝐶0[𝑎, 𝑏] is the Banach space of continuous functions 𝑔(𝑥) defined on [𝑎, 𝑏] to R, with the
following norm ‖.‖∞

∀ 𝑔 ∈ 𝐶0[𝑎, 𝑏] : ‖𝑔‖∞ = max
𝑎⩽𝑥⩽𝑏

|𝑔(𝑥)| .

Definition 2. 𝐶1[𝑎, 𝑏] is the Banach space of continuously differentiable functions 𝑔(𝑥), determined as

𝐶1[𝑎, 𝑏] :=

{︂
𝑔 : [𝑎, 𝑏] −→ R, 𝑔, 𝑔′ ∈ 𝐶0[𝑎, 𝑏]

}︂
,

with the following norm
∀ 𝑔 ∈ 𝐶1[𝑎, 𝑏] : ‖𝑔‖𝐶1[𝑎,𝑏] = ‖𝑔‖∞ + ‖𝑔′‖∞.

Definition 3. The Banach space 𝐿1(𝑎, 𝑏) consists of equivalences classes of measurable functions 𝑔: [𝑎, 𝑏] −→
R, such that

‖𝑔‖𝐿1(𝑎,𝑏) =

𝑏∫︁
𝑎

|𝑔(𝑥)| 𝑑𝑥 < ∞.

Definition 4. The Sobolev space 𝑊 1,1(𝑎, 𝑏) is defined by

𝑊 1,1(𝑎, 𝑏) :=

{︂
𝑔 ∈ 𝐿1(𝑎, 𝑏), 𝑔′ ∈ 𝐿1(𝑎, 𝑏)

}︂
,

where 𝑔′ is a weak derivative of 𝑔 and 𝑊 1,1(𝑎, 𝑏) is a Banach space with the norm

‖𝑔‖𝑊 1,1[𝑎,𝑏] = ‖𝑔‖𝐿1[𝑎,𝑏] + ‖𝑔′‖𝐿1[𝑎,𝑏] .
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Definition 5. Let 𝑋 be the Banach space. The space 𝐵𝐿(𝑋) is the Banach space of linear operators
defined in 𝑋 into itself which equipped with the following norm

∀𝑀 ∈ 𝐵𝐿(𝑋), ‖𝑀‖ = sup
‖𝑣‖𝑋⩽1

‖𝑀𝑣‖𝑋 .

For more details about the above mentioned spaces, see [27].
Further on, we need to define the continuity module 𝜅0 by: ∀ℎ > 0, ∀ 𝑣 ∈ 𝐶0[𝑎, 𝑏]

𝜅0(𝑣, ℎ) = sup
|𝑥−𝑦|⩽ℎ

|𝑣(𝑥)− 𝑣(𝑦)|,

and the continuity module 𝜅1 : ∀ℎ > 0, ∀𝑣 ∈ 𝐶1[𝑎, 𝑏]

𝜅1(𝑣, ℎ) = 𝜅0(𝑣, ℎ) + 𝜅0(𝑣
′, ℎ);

the continuity module 𝜅1,0 of any functions defined in the square [𝑎, 𝑏]2: ∀𝑥 ∈ [𝑎, 𝑏], ∀ℎ > 0, ∀𝑔 ∈ 𝐶0([𝑎, 𝑏]2,R),

𝜅1,0(𝑔, ℎ)(𝑥) = sup
|𝑦1−𝑦2|⩽ℎ

|𝑔(𝑥, 𝑦1)− 𝑔(𝑥, 𝑦2)|,

and the continuity module 𝜅1,1 as: ∀𝑥 ∈ [𝑎, 𝑏], ∀ℎ > 0,
𝜕𝑔

𝜕𝑥
∈ 𝐶0

(︀
[𝑎, 𝑏]2,R

)︀
𝜅1,1(𝑔, ℎ)(𝑥) = 𝜅1,0(𝑔, ℎ)(𝑥) + 𝜅1,0(𝜕𝑥𝑔, ℎ)(𝑥),

where 𝜕𝑥𝑔 is a partial derivative of 𝑔 with respect to 𝑥.
Also, we recall for any vector 𝑣 = (𝑣0, 𝑣1, . . . , 𝑣𝑛)

𝑡 ∈ R𝑛+1

‖𝑣‖R𝑛+1 = max
0⩽𝑖⩽𝑛

|𝑣𝑖|,

and the matrix norm of 𝑇 = (𝑡𝑖𝑗)1⩽𝑖,𝑗⩽𝑛 ∈ R𝑛×𝑛

||| 𝑇 |||= max
1⩽𝑖⩽𝑛

𝑛∑︁
𝑗=1

|𝑡𝑖𝑗 |.

3. Problem Position. We assume that 𝐾𝑖 in (1) satisfies the following hypothesis (ℋ1) for 𝑖 = 1, 2

(ℋ1)

𝜕𝐾𝑖

𝜕𝑥
(𝑥, 𝑡) ∈ 𝐶0

(︀
[𝑎, 𝑏]2,R

)︀
,

∃𝑀𝑖 > 0, max
𝑎⩽𝑥,𝑡⩽𝑏

(︂
|𝐾𝑖(𝑥, 𝑡)| ,

⃒⃒⃒⃒
𝜕𝐾𝑖

𝜕𝑥
(𝑥, 𝑡)

⃒⃒⃒⃒ )︂
⩽ 𝑀𝑖.

and the singular part 𝑝 meets the conjecture (ℋ2)

(ℋ2)

𝑝 ∈ 𝑊 1,1(0, 𝑏− 𝑎).

𝑝(0) = 0,

lim
𝑠→0+

|𝑝′(𝑠)| = +∞.

Under the assumptions (ℋ1) and (ℋ2), one can implicitly find the derivative 𝑢′ :

∀𝑥 ∈ [𝑎, 𝑏] : 𝜆𝑢′(𝑥) =

𝑏∫︁
𝑎

𝜕𝐾1

𝜕𝑥
(𝑥, 𝑡)𝑢(𝑡) 𝑑𝑡+

𝑏∫︁
𝑎

𝑝(|𝑥− 𝑡|)𝜕𝐾2

𝜕𝑥
(𝑥, 𝑡)𝑢′(𝑡) 𝑑𝑡+

+

𝑏∫︁
𝑎

sign(𝑥− 𝑡)𝑝′(|𝑥− 𝑡|)𝐾2(𝑥, 𝑡)𝑢
′(𝑡) 𝑑𝑡+ 𝑓 ′(𝑥), (2)
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where

sign(𝑥− 𝑡) =

{︃
1, if 𝑥 > 𝑡,

−1, else.

4. Analytical Study. In this paper, we focus on the numerical solution of (1) by applying two different
methods: the collocation b-spline and the product trapezoidal rule (or product integration). However, before
numerically solving the integro-differential Fredholm equation, the existence and uniqueness of its solution must
be verified. Below, we present the theorem that provides for these properties. But first, we introduce the linear
operator 𝐴 by:

𝐴 : 𝐶1[𝑎, 𝑏] −→ 𝐶1[𝑎, 𝑏],

𝑢 ↦−→ 𝐴𝑢(𝑥) =

𝑏∫︁
𝑎

𝐾1(𝑥, 𝑡)𝑢(𝑡) 𝑑𝑡+

𝑏∫︁
𝑎

𝑝(|𝑥− 𝑡|)𝐾2(𝑥, 𝑡)𝑢
′(𝑡) 𝑑𝑡. (3)

The equation (1) is rewritten as

(𝜆𝐼 −𝐴)𝑢 = 𝑓, (4)

where 𝐼 is the identity operator of 𝐶1[𝑎, 𝑏].

Theorem 1. If |𝜆| > 2

(︂
(𝑏− 𝑎)𝑀1 +𝑀2 || 𝑝 ||𝑊 1,1[0,𝑏−𝑎]

)︂
, then the equation (4) has a unique solution.

Proof To prove that the equation (4) has a unique solution, we need to demonstrate that (𝜆𝐼 − 𝐴)−1

exists and is bounded. Remind that the norm of the operator 𝐴 reads

‖𝐴‖ = sup
‖𝑢‖𝐶1[𝑎,𝑏]⩽1

‖𝐴𝑢‖𝐶1[𝑎,𝑏].

It is easy to proof that

|𝐴𝑢(𝑥)| ⩽
(︀
(𝑏− 𝑎)𝑀1 +𝑀2‖𝑝‖𝐿1[0,𝑏−𝑎]

)︀
‖𝑢‖𝐶1[𝑎,𝑏],

|(𝐴𝑢)′(𝑥)| ⩽
(︀
(𝑏− 𝑎)𝑀1 +𝑀2‖𝑝‖𝑊 1,1[0,𝑏−𝑎]

)︀
‖𝑢‖𝐶1[𝑎,𝑏].

In this case we obtain
‖𝐴‖ ⩽ 2

(︀
(𝑏− 𝑎)𝑀1 +𝑀2‖𝑝‖𝑊 1,1[0,𝑏−𝑎]

)︀
.

If |𝜆| > 2((𝑏−𝑎)𝑀1+𝑀2‖𝑝‖𝑊 1,1[0,𝑏−𝑎]), then ‖𝐴‖ < |𝜆|. Accordingly to the Neumann’s theorem [17], (𝜆𝐼−𝐴)−1

exists and is bounded. This fact proves the statement of the theorem 1. For more details about the proof
see [21, 22].

5. Numerical Methods. In many research papers devoted to the study of the integro-differential types
of equations, an approximation solution based on the application of the product trapezoidal rule is constructed.
This method of numerical solution is very useful in problems with singularity term. Recently, another class of
the numerical methods was developed to look for a numerical solution of (1). It relies on the application of the
b-spline approximations. The advantage of the b-spline collocation method is that it treats the equation (1)
instead of the two equations (1)–(2), so we get an algebraic system of one block only.

These approaches are known for their simplicity and accuracy. In this section, we develop these two
methods for Fredholm equation and study their convergence.

5.1. Collocation b-Spline Method. To use the collocation processes, primarily we need to give defini-
tion of the cubic b-spline functions (see [23, 25, 28–30]).

Definition 6. Let ∆𝑛 = {𝑎 = 𝑥0 < 𝑥1 < . . . < 𝑥𝑛 = 𝑏} be a uniform partition of interval [𝑎, 𝑏] with

𝑥𝑖 = 𝑎+ 𝑖ℎ and ℎ =
𝑏− 𝑎

𝑛
. Let ℬ3(∆𝑛) be the space of cubic b-spline functions:

ℬ3(∆𝑛) =

{︂
𝑆 ∈ 𝐶2[𝑎, 𝑏] : 𝑆

⃒⃒
[𝑥𝑖,𝑥𝑖+1]

∈ 𝑃 3, 𝑖 = 0, 1, . . . , 𝑛− 1

}︂
,
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122 ВЫЧИСЛИТЕЛЬНЫЕ МЕТОДЫ И ПРОГРАММИРОВАНИЕ / NUMERICAL METHODS AND PROGRAMMING
2022, 23 (2), 117–136. doi 10.26089/NumMet.v23r208

where 𝑆
⃒⃒
[𝑥𝑖,𝑥𝑖+1]

is the restriction of the spline function 𝑆 : [0, 1] −→ R in each sub-interval [𝑥𝑖, 𝑥𝑖+1] and 𝑃 3 is
the space of cubic polynomials. For 𝑖 = −1, 0, . . . , 𝑛, 𝑛+ 1, we define the following cubic B-spline:

𝐵3
𝑖 (𝑥) =

1

ℎ3

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

(𝑥− 𝑥𝑖−2)
3, 𝑥 ∈ [𝑥𝑖−2, 𝑥𝑖−1],

(𝑥− 𝑥𝑖−2)
3 − 4(𝑥− 𝑥𝑖−1)

3, 𝑥 ∈ [𝑥𝑖−1, 𝑥𝑖],

(𝑥𝑖+2 − 𝑥)3 − 4(𝑥𝑖+1 − 𝑥)3, 𝑥 ∈ [𝑥𝑖, 𝑥𝑖+1],

(𝑥𝑖+2 − 𝑥)3, 𝑥 ∈ [𝑥𝑖+1, 𝑥𝑖+2],

0, otherwise.

(5)

Here the values 𝑥−𝑖 at 𝑖 = 3, 2, 1 and 𝑥𝑛+1 stand for 𝑥−𝑖 = 𝑎− 𝑖ℎ and 𝑥𝑛+1 = 𝑎+ (𝑛+ 1)ℎ correspondingly. It
is clear that {𝐵−1, 𝐵0, 𝐵1, . . . , 𝐵𝑛−1, 𝐵𝑛, 𝐵𝑛+1} forms a basis of ℬ3(∆𝑛). Then ℬ3(∆𝑛) is a finite dimensional
linear sub-space of 𝐶2[𝑎, 𝑏] with dimension 𝑛+ 3.

We define (𝑃 3
𝑛)𝑛∈N* as the sequence of linear projection operator

𝑃 3
𝑛 : 𝐶1[𝑎, 𝑏] −→ ℬ3(∆𝑛)

𝑣 ↦−→ 𝑃 3
𝑛𝑣(𝑥) =

𝑛+1∑︁
𝑖=−1

𝛼𝑖𝐵
3
𝑖 (𝑥). (6)

It fulfills the following interpolation condition for all 𝑣 ∈ 𝐶1[𝑎, 𝑏]⎧⎪⎨⎪⎩
𝑃 3
𝑛𝑣(𝑥𝑖) = 𝑣(𝑥𝑖), 𝑖 = 0, 1, . . . , 𝑛,

(𝑃 3
𝑛𝑣)

′(𝑎) = 𝑣′(𝑎),

(𝑃 3
𝑛𝑣)

′(𝑏) = 𝑣′(𝑏).

(7)

We construct an approximation solution 𝑢𝑛, which satisfies the following equation:

𝜆𝑢𝑛 = 𝑃 3
𝑛𝐴𝑢𝑛 + 𝑃 3

𝑛𝑓. (8)

§ 5.1.1. Convergence Analysis. In this part, we will demonstrate the convergence of 𝑃 3
𝑛𝑢 to 𝑢 in the

sense of the norm 𝐶1[𝑎, 𝑏]. Previously, the authors of [31–36] have proven this convergence for the case when
𝑢 ∈ 𝐶4[𝑎, 𝑏]. The convergence in the Banach space 𝐶0[−1, 1] was considered in [37, 38], whereas the case of
the periodic function 𝑢 was investigated in [39]. To prove this convergence, we use the spline interpolation of 𝑢
on the grid ∆𝑛 with 𝑛 ⩾ 1. In each interval [𝑥𝑖−1, 𝑥𝑖] this spline 𝑆𝑛(𝑥) (see [23, 32, 34, 35]) is defined in the
following way:

𝑆𝑛(𝑥) = 𝑀𝑖−1
(𝑥𝑖 − 𝑥)3

6ℎ
+𝑀𝑖

(𝑥− 𝑥𝑖−1)
3

6ℎ
+

(︂
𝑢(𝑥𝑖−1)−

𝑀𝑖−1ℎ
2

6

)︂(︂
𝑥𝑖 − 𝑥

ℎ

)︂
+

+

(︂
𝑢(𝑥𝑖)−

𝑀𝑖ℎ
2

6

)︂(︂
𝑥− 𝑥𝑖−1

ℎ

)︂
, (9)

where the moment 𝑀𝑖 is 𝑀𝑖 = 𝑆′′(𝑥𝑖).
One should note that any cubic spline 𝑆𝑛(𝑥), constructed on segment [𝑎, 𝑏], is described by the linear

combination of the cubic b-spline [33, 37, 40, 41]. In this regard, 𝑆𝑛(𝑥) will read:

∀𝑥 ∈ [𝑎, 𝑏] : 𝑆𝑛(𝑥) = 𝑃 3
𝑛𝑢(𝑥). (10)

This leads to the following equality:

‖(𝐼 − 𝑃 3
𝑛)𝑢‖𝐶1[𝑎,𝑏] = ‖𝑢− 𝑆𝑛‖𝐶1[𝑎,𝑏]. (11)

The values of the derivatives of the spline 𝑆𝑛(𝑥) (9) over 𝑥 in the left and right limit of the point 𝑥𝑖 are

𝑆′
𝑛(𝑥

−
𝑖 ) =

ℎ

6
𝑀𝑖−1 +

ℎ

3
𝑀𝑖 +

𝑢(𝑥𝑖)− 𝑢(𝑥𝑖−1)

ℎ
, (12)

𝑆′
𝑛(𝑥

+
𝑖 ) = −ℎ

3
𝑀𝑖 −

ℎ

6
𝑀𝑖+1 +

𝑢(𝑥𝑖+1)− 𝑢(𝑥𝑖)

ℎ
. (13)
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The continuity of 𝑆′
𝑛(𝑥) at 𝑥𝑖 yields for 𝑖 = 1, 2, . . . , 𝑛− 1

𝑀𝑖−1 + 4𝑀𝑖 +𝑀𝑖+1 = 6

(︂
𝑢(𝑥𝑖+1)− 𝑢(𝑥𝑖)

ℎ2
− 𝑢(𝑥𝑖)− 𝑢(𝑥𝑖−1)

ℎ2

)︂
. (14)

However, for different applications it is more convenient to work with the slopes 𝑚𝑖 = 𝑆′
𝑛(𝑥𝑖) rather than the

moments 𝑀𝑖. Below we present another representation of 𝑆𝑛 and 𝑆′
𝑛 in each segment [𝑥𝑖−1, 𝑥𝑖] :

𝑆𝑛(𝑥) = 𝑚𝑖−1
(𝑥𝑖 − 𝑥)2(𝑥− 𝑥𝑖−1)

ℎ2
−𝑚𝑖

(𝑥− 𝑥𝑖−1)
2(𝑥𝑖 − 𝑥)

ℎ2
+

+ 𝑢(𝑥𝑖−1)
(𝑥𝑖 − 𝑥)2[2(𝑥− 𝑥𝑖−1) + ℎ]

ℎ2
+ 𝑢(𝑥𝑖)

(𝑥− 𝑥𝑖−1)
2[2(𝑥𝑖 − 𝑥) + ℎ]

ℎ2
, (15)

𝑆′
𝑛(𝑥) = 𝑚𝑖−1

(𝑥𝑖 − 𝑥)(2𝑥𝑖−1 + 𝑥𝑖 − 3𝑥)

ℎ2
−𝑚𝑖

(𝑥− 𝑥𝑖−1)(2𝑥𝑖 + 𝑥𝑖−1 − 3𝑥)

ℎ2
+

+
𝑢(𝑥𝑖)− 𝑢(𝑥𝑖−1)

ℎ3
6(𝑥𝑖 − 𝑥)(𝑥− 𝑥𝑖−1). (16)

The limit values of the second derivative of 𝑆(𝑥) at 𝑥𝑖 are equal to

𝑆′′(𝑥−
𝑖 ) =

2

ℎ
𝑚𝑖−1 +

4

ℎ
𝑚𝑖 − 6

𝑢(𝑥𝑖)− 𝑢(𝑥𝑖−1)

ℎ2
, (17)

𝑆′′(𝑥+
𝑖 ) = − 4

ℎ
𝑚𝑖 −

2

ℎ
𝑚𝑖+1 + 6

𝑢(𝑥𝑖+1)− 𝑢(𝑥𝑖)

ℎ2
. (18)

Since 𝑆′′(𝑥) is continuous, we get that

𝑚𝑖−1 + 4𝑚𝑖 +𝑚𝑖+1 = 3
𝑢(𝑥𝑖+1)− 𝑢(𝑥𝑖−1)

ℎ
, 𝑖 = 1, 2, . . . , 𝑛− 1. (19)

To determine all (𝑛 + 1) quantities including in (19), we should add two extra relations following from the
boundary conditions. Using the interpolation conditions in (7) and the equation (10), we find that

𝑆′
𝑛(𝑎) = 𝑢′(𝑥0) and 𝑆′

𝑛(𝑏) = 𝑢′(𝑥𝑛).

Now, accommodating the equation (3), we obtain the following relation:

2𝑀0 +𝑀1 =
6

ℎ

[︂
𝑢(𝑥1)− 𝑢(𝑥0)

ℎ
− 𝑢′(𝑥0)

]︂
.

In the similar way, using (2), we get

𝑀𝑛−1 + 2𝑀𝑛 =
6

ℎ

[︂
𝑢′(𝑥𝑛)−

𝑢(𝑥𝑛)− 𝑢(𝑥𝑛−1)

ℎ

]︂
.

The recurrent relations (14) and (19) can be written in the matrix forms 𝐶𝑀 = 𝐸 and 𝐶𝑚 = 𝐷 corre-
spondingly with matrix 𝐶 of size (𝑛+ 1)× (𝑛+ 1)

𝐶 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2 1 . . . . . . . . . 0

1 4 1 . . . . . . . . . 0

0 1 4 1 0 . . . 0

. . . . . . . . . . . . . . . . . .
...

0 . . . . . . . . . 1 4 1

0 . . . . . . . . . . . . 2 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

and 𝑀 = (𝑀0,𝑀1, . . . ,𝑀𝑛)
𝑡 ∈ R𝑛+1, 𝑚 = (𝑚0,𝑚1, . . .𝑚𝑛)

𝑡 ∈ R𝑛+1. The vector 𝐷 = (𝑑0, 𝑑1, . . . 𝑑𝑛)
𝑡 ∈ R𝑛+1

has the following components ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
𝑑0 = 3

𝑢(𝑥1)− 𝑢(𝑥0)

ℎ
,

𝑑𝑖 = 3
𝑢(𝑥𝑖+1)− 𝑢(𝑥𝑖−1)

ℎ
, 𝑖 = 1, 2, . . . , 𝑛− 1,

𝑑𝑛 = 3
𝑢(𝑥𝑛−1)− 𝑢(𝑥𝑛)

ℎ
,

(20)
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and the elements of the vector 𝐸 = (𝑒0, 𝑒1, . . . , 𝑒𝑛)
𝑡 ∈ R𝑛+1 read⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

𝑒0 =
6

ℎ

(︂
𝑢(𝑥1)− 𝑢(𝑥0)

ℎ
− 𝑢′(𝑥0)

)︂
,

𝑒𝑖 = 6

(︂
𝑢(𝑥𝑖+1)− 𝑢(𝑥𝑖)

ℎ2
− 𝑢(𝑥𝑖)− 𝑢(𝑥𝑖−1)

ℎ2

)︂
, 𝑖 = 1, 2, . . . 𝑛− 1,

𝑒𝑛 =
6

ℎ

(︂
𝑢′(𝑥𝑛)−

𝑢(𝑥𝑛)− 𝑢(𝑥𝑛−1)

ℎ

)︂
.

(21)

Theorem 2. Let 𝑃 3
𝑛𝑢 is defined by (6) and 𝑢 is the exact solution of (1), then

‖𝑢− 𝑃 3
𝑛𝑢‖𝐶1[𝑎,𝑏] ⩽ 𝑐𝜅1(𝑢, ℎ), (22)

where 𝑐 is a positive constant.

Proof Using the spline formula (9) in each interval [𝑥𝑖−1, 𝑥𝑖], we get

𝑃 3
𝑛𝑢(𝑥)− 𝑢(𝑥) = 𝑆𝑛(𝑥)− 𝑢(𝑥) =

(𝑥− 𝑥𝑖)(𝑥− 𝑥𝑖−1)

6ℎ

[︂
(2𝑥𝑖 − 𝑥𝑖−1 − 𝑥)𝑀𝑖−1 + (𝑥− 2𝑥𝑖−1 + 𝑥𝑖)𝑀𝑖

]︂
+

+

(︂
𝑢(𝑥𝑖) + 𝑢(𝑥𝑖−1)

2
− 𝑓(𝑥)

)︂
−

(︂
𝑢(𝑥𝑖)− 𝑢(𝑥𝑖−1)

)︂
𝑥𝑖 + 𝑥𝑖−1 − 2𝑥

2ℎ
. (23)

If we demand that the following inequalities are fulfilled

(𝑥𝑖 − 𝑥)(𝑥− 𝑥𝑖−1) ⩽ ℎ2,

(2𝑥𝑖 − 𝑥𝑖−1 − 𝑥) ⩽ 2ℎ,

(𝑥− 2𝑥𝑖−1 + 𝑥𝑖) ⩽ 2ℎ,

|𝑥𝑖 + 𝑥𝑖−1 − 2𝑥| ⩽ ℎ,

then, we obtain

|𝑆𝑛(𝑥)− 𝑢(𝑥)| ⩽ ℎ2

3

[︁
|𝑀𝑖−1|+ |𝑀𝑖|

]︁
+

⃒⃒⃒⃒
𝑢(𝑥𝑖)− 𝑢(𝑥𝑖−1)

2
− 𝑢(𝑥)

⃒⃒⃒⃒
+

|𝑢(𝑥𝑖) + 𝑢(𝑥𝑖−1)|
2

.

This leads us to the relation

‖𝑆𝑛 − 𝑢‖∞ ⩽
2ℎ2

3
‖𝑀‖R𝑛+1 +

3

2
𝜅0(𝑢, ℎ). (24)

On the other hand, we have 𝑀 = 𝐶−1𝐸 and ‖𝑀‖R𝑛+1 ⩽ ||| 𝐶−1 ||| ‖𝐸‖R𝑛+1 , where

‖𝐸‖R𝑛+1 = max
0⩽𝑖⩽𝑛

|𝑒𝑖| =
6

ℎ2
max
0⩽𝑖⩽𝑛

⃒⃒⃒⃒
𝑢(𝑥𝑖+1)− 𝑢(𝑥𝑖)

ℎ
− 𝑢(𝑥𝑖)− 𝑢(𝑥𝑖−1)

ℎ

⃒⃒⃒⃒
⩽

3

ℎ2
𝜅0(𝑢, ℎ). (25)

Thus,

‖𝑆𝑛 − 𝑢‖∞ ⩽

(︂
2||| 𝐶−1 |||+ 3

2

)︂
𝜅0(𝑢, ℎ). (26)

Now, applying the interpolation formula (16) in each segment [𝑥𝑖−1, 𝑥𝑖], we find

𝑆′
𝑛(𝑥)−

𝑢(𝑥𝑖)− 𝑢(𝑥𝑖−1)

ℎ
=

[︂
3

ℎ2

(︂
𝑥− 𝑥𝑖−1 + 𝑥𝑖

2

)︂2

− 1

4

]︂[︂
𝑚𝑖−1 − 𝑢′(𝑥𝑖−1) +𝑚𝑖 − 𝑢′(𝑥𝑖) + 𝑢(𝑥𝑖) + 𝑢(𝑥𝑖−1)+

−2

(︂
𝑢(𝑥𝑖)− 𝑢(𝑥𝑖−1)

ℎ

)︂]︂
+

1

ℎ

(︂
𝑥− 𝑥𝑖 + 𝑥𝑖−1

2

)︂[︂
𝑚𝑖 − 𝑢′(𝑥𝑖) +𝑚𝑖−1 − 𝑢′(𝑥𝑖−1) + 𝑢′(𝑥𝑖) + 𝑢′(𝑥𝑖−1)

]︂
. (27)
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Here we have used the relations:

6

ℎ2
(𝑥− 𝑥𝑖−1)(𝑥𝑖 − 𝑥) = − 6

ℎ2

(︂
𝑥− 𝑥𝑖 − 𝑥𝑖−1

2

)︂2

+
3

2
,

1

ℎ
(𝑥𝑖 − 𝑥)(2𝑥𝑖−1 + 𝑥𝑖 − 3𝑥) =

3

ℎ2

(︂
𝑥− 𝑥𝑖−1 + 𝑥𝑖

2

)︂2

− 1

4
+

1

ℎ

(︂
𝑥− 𝑥𝑖 + 𝑥𝑖−1

2

)︂
.

Taking into account the expressions, presented above, one can get⃒⃒⃒⃒
𝑆′
𝑛(𝑥)−

𝑢(𝑥𝑖)− 𝑢(𝑥𝑖−1)

ℎ

⃒⃒⃒⃒
⩽

1

2

[︂
|𝑚𝑖−1 − 𝑢′(𝑥𝑖−1)|+ |𝑚𝑖 − 𝑢′(𝑥𝑖)|+ 2𝜅0(𝑢

′, ℎ)

]︂
+

+ |𝑚𝑖 − 𝑢′(𝑥𝑖)|+ |𝑚𝑖−1 − 𝑢′(𝑥𝑖−1)|+ 𝜅0(𝑢
′, ℎ). (28)

Let us now write down the following obvious equality

𝐶

(︂
𝑚− 𝐷

6

)︂
=

(︂
𝐼𝑛+1 −

𝐶

6

)︂
𝐷, (29)

where 𝐼𝑛+1 is the identity matrix of size (𝑛+ 1)× (𝑛+ 1). The r.h.s. of (29) is equal to:

(︂
𝐼𝑛+1 −

1

6
𝐶

)︂
𝐷 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑑0
3

− 𝑑1
6

−𝑑0
6

+
𝑑1
3

− 𝑑2
6

...
−𝑑𝑛−2

6
+

𝑑𝑛−1

3
− 𝑑𝑛

6

−𝑑𝑛−1

6
+

𝑑𝑛
3

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (30)

Using the definition of the vector 𝐷 (20) and the condition⃒⃒⃒⃒
𝑢′(𝑥)− 𝑢(𝑥𝑖)− 𝑢(𝑥𝑖−1)

ℎ

⃒⃒⃒⃒
⩽ 𝜅0(𝑢

′, ℎ), (31)

we obtain the following result⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

⃒⃒⃒⃒
𝑑0
3

− 𝑑1
6

⃒⃒⃒⃒
⩽ 3𝜅0(𝑢

′, ℎ),⃒⃒⃒⃒
−𝑑𝑖−1

6
+

𝑑𝑖
3

− 𝑑𝑖+1

6

⃒⃒⃒⃒
⩽ 6𝜅0(𝑢

′, ℎ), 𝑖 = 1, 2, . . . , 𝑛− 1,⃒⃒⃒⃒
−𝑑𝑛−1

6
+

𝑑𝑛
3

⃒⃒⃒⃒
⩽ 3𝜅0(𝑢

′, ℎ).

(32)

The inequalities (32) enable to obtain that
⃦⃦⃦⃦(︂

𝐼𝑛+1 −
𝐶

6

)︂
𝐷

⃦⃦⃦⃦
R𝑛+1

⩽ 6 𝜅0(𝑢
′, ℎ). In this case, it follows from

(29): ⃦⃦⃦⃦
𝑚− 𝐷

6

⃦⃦⃦⃦
R𝑛+1

⩽ 6||| 𝐶−1 ||| 𝜅0(𝑢
′, ℎ). (33)

Substituting (33) in (8), we arrive to the inequalities⃒⃒⃒⃒
𝑆′
𝑛(𝑥)−

𝑢(𝑥𝑖)− 𝑢(𝑥𝑖−1)

ℎ

⃒⃒⃒⃒
⩽

(︀
11||| 𝐶−1 |||+ 1

)︀
𝜅0(𝑢

′, ℎ). (34)
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It is evident from (34) and (31) that

‖𝑆′
𝑛 − 𝑢′‖∞ ⩽ max

𝑎⩽𝑥⩽𝑏

⃒⃒⃒⃒
𝑆′
𝑛(𝑥)−

𝑢(𝑥𝑖)− 𝑢(𝑥𝑖−1)

ℎ

⃒⃒⃒⃒
+ max

𝑎⩽𝑥⩽𝑏

⃒⃒⃒⃒
𝑢(𝑥𝑖)− 𝑢(𝑥𝑖−1)

ℎ
− 𝑢′(𝑥)

⃒⃒⃒⃒
⩽

⩽
(︀
11||| 𝐶−1 |||+ 2

)︀
𝜅0(𝑢

′, ℎ). (35)

Combining (26) and (35), we obtain

‖𝑢− 𝑃 3
𝑛𝑢‖𝐶1[𝑎,𝑏] = ‖𝑢− 𝑆𝑛‖𝐶1[𝑎,𝑏] ⩽ 𝑐 𝜅1(𝑢, ℎ), (36)

where 𝑐 = max

{︂
11||| 𝐶−1 |||+ 1; 2||| 𝐶−1 |||+ 3

2

}︂
.

Theorem 3. Let 𝑃 3
𝑛 be a projection operator given by (6) and 𝐴 is a compact operator defined by (3),

then

lim
𝑛→∞

‖(𝐼 − 𝑃 3
𝑛)𝐴‖ = 0. (37)

Proof Since 𝐴 is compact, then the set ℳ =
{︀
𝐴𝑢, 𝑢 ∈ 𝐶1[𝑎, 𝑏], ‖𝑢‖𝐶1[𝑎,𝑏] ⩽ 1

}︀
is relatively compact in

the Banach space 𝐶1[𝑎, 𝑏] and by Banach–Steinhaus theorem’s [19, 42], 𝑃 3
𝑛 converges uniformly to the identity

operator 𝐼 in 𝐶1[𝑎, 𝑏] :

lim
𝑛→∞

‖(𝐼 − 𝑃 3
𝑛)𝐴‖ = lim

𝑛→∞
sup

‖𝑢‖𝐶1[𝑎,𝑏]

‖(𝐼 − 𝑃 3
𝑛)𝐴𝑢‖𝐶1[𝑎,𝑏] = sup

𝑣∈ℳ
‖(𝐼 − 𝑃 3

𝑛)𝑣‖𝐶1[𝑎,𝑏].

Under above theorems, we get that 𝑃 3
𝑛 is pointwise convergent to the identity operator and 𝑃 3

𝑛𝐴 converges
to 𝐴, then (𝜆𝐼 − 𝑃 3

𝑛𝐴)−1 exists and ‖(𝜆𝐼 − 𝑃 3
𝑛𝐴)−1‖ < ∞ (see [17]).

Theorem 4. Let 𝑢𝑛 be the solution of (8) and 𝑢 be the exact solution of (4), then

lim
𝑛→∞

‖𝑢− 𝑢𝑛‖𝐶1[𝑎,𝑏] = 0 (38)

Proof For large 𝑛 enough, 𝑢 − 𝑢𝑛 = (𝜆𝐼 − 𝑃 3
𝑛𝐴)−1

[︀
(𝐴− 𝑃 3

𝑛𝐴)𝑢+ (𝑓 − 𝑃 3
𝑛𝑓)

]︀
. Then, the following

estimation is valid:

‖𝑢− 𝑢𝑛‖𝐶1[𝑎,𝑏] ⩽ ‖(𝜆𝐼 − 𝑃 3
𝑛𝐴)−1‖ ·

[︁ ⃦⃦
(𝐼 − 𝑃 3

𝑛)𝐴
⃦⃦
+
⃦⃦
(𝐼 − 𝑃 3

𝑛)𝑓
⃦⃦
𝐶1[𝑎,𝑏]

]︁
. (39)

When 𝑛 → ∞, we get to the desired result.

§ 5.1.2. System Approximation. For all 𝑥 ∈ [𝑎, 𝑏] it follows from the equation (8) that

𝜆𝑢𝑛(𝑥) = 𝑃 3
𝑛𝐴𝑢𝑛(𝑥) + 𝑃 3

𝑛𝑓(𝑥). (40)

We put 𝑥 = 𝑥𝑗 for 𝑗 = 0, 1, . . . , 𝑛. Then by the interpolation conditions of the sequence (𝑃 3
𝑛)𝑛∈N (7), we get

𝜆𝑢𝑛(𝑥𝑗) = 𝐴𝑢𝑛(𝑥𝑗) + 𝑓(𝑥𝑗), (41)

which is equivalent to the following algebraic system for 𝑗 = 0, 1, . . . , 𝑛

𝑛+1∑︁
𝑖=−1

𝛼𝑖

⎡⎣𝜆𝐵3
𝑖 (𝑥𝑗)−

𝑏∫︁
𝑎

𝐾1(𝑥𝑗 , 𝑡)𝐵
3
𝑖 (𝑡) 𝑑𝑡−

𝑏∫︁
𝑎

𝑝 (|𝑥𝑗 − 𝑡|) 𝐾2(𝑥𝑗 , 𝑡)(𝐵
3
𝑖 (𝑡))

′ 𝑑𝑡

⎤⎦ = 𝑓(𝑥𝑗), (42)

where {𝛼𝑖}𝑛+1
𝑖=−1 are unknowns coefficients to be determined.

Thus, we arrive to the system (42) containing 𝑛 + 1 equations with 𝑛 + 3 unknowns 𝛼𝑖. To handle this
problem, we introduce 𝐵3

𝑖(𝑥) as a modified basis of cubic b-splines [28]⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

𝐵3
0(𝑥) = 𝐵3

0(𝑥) + 2𝐵3
−1(𝑥), for 𝑗 = 0,

𝐵3
1(𝑥) = 𝐵3

1(𝑥)−𝐵3
−1(𝑥), for 𝑗 = 1,

𝐵3
𝑗(𝑥) = 𝐵3

𝑗 (𝑥), for 𝑗 = 2, . . . , 𝑛− 2,

𝐵3
𝑛−1(𝑥) = 𝐵3

𝑛−1(𝑥)−𝐵3
𝑛+1(𝑥), for 𝑗 = 𝑛− 1,

𝐵3
𝑛(𝑥) = 𝐵3

𝑛(𝑥) + 2𝐵3
𝑛+1(𝑥), for 𝑗 = 𝑛.

(43)
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Table 1. The values of the modified b-cubic spline and its derivatives

𝑥𝑗 𝑗 = 0 𝑗 = 𝑖− 2 𝑗 = 𝑖− 1 𝑗 = 𝑖 𝑗 = 𝑖+ 1 𝑗 = 𝑖+ 2 𝑗 = 𝑛

𝐵3
𝑖(𝑥𝑗) 6 0 1 4 1 0 6

(𝐵3
𝑖(𝑥𝑗))

′ − 6

ℎ
0 − 3

ℎ
0

3

ℎ
0

6

ℎ

In the table 1, we present the values of 𝐵3
𝑖(𝑥𝑗) and its derivatives.

Finally, the solution 𝑢𝑛 will have a new representation

∀𝑥 ∈ [𝑎, 𝑏] : 𝑢𝑛(𝑥) =

𝑛∑︁
𝑖=0

𝛼𝑖𝐵
3

𝑖 (𝑥), (44)

and the system (42) will have a new form

𝑛∑︁
𝑖=0

𝛼𝑖

⎡⎣𝜆𝐵𝑖
3
(𝑥𝑗)−

𝑏∫︁
𝑎

𝐾1(𝑥𝑗 , 𝑡)𝐵𝑖
3
(𝑡) 𝑑𝑡−

𝑏∫︁
𝑎

𝑝 (|𝑥𝑗 − 𝑡|) 𝐾2(𝑥𝑗 , 𝑡)(𝐵3
𝑖 (𝑡))

′ 𝑑𝑡

⎤⎦ = 𝑓(𝑥𝑗), (45)

where {𝛼𝑖}𝑛𝑖=0 are new (𝑛+ 1) coefficients to be determined.
5.2. Product integration. In this section, we apply the product integration method to the equations

(1)–(2). First, we need to define the uniform partition ∆𝑛 of the interval [𝑎, 𝑏] by

∀𝑛 ⩾ 1, ∆𝑛 =

{︂
𝑥𝑖 = 𝑎+ 𝑖ℎ, ℎ =

𝑏− 𝑎

𝑛
, 𝑖 = 0, 1 . . . , 𝑛

}︂
.

There are two parts in equations (1) and (2), namely the regular and the weakly singular. Therefore, we utilize
two methods to construct a numerical solution of (1)–(2). The classical Nyström [19, 43] method is used by us
to treat the regular part. For that we employ the following approximation:

∀𝑔 ∈ 𝐶0[𝑎, 𝑏] :

𝑏∫︁
𝑎

𝑔(𝑥)𝑑𝑥 ≃
𝑛∑︁

𝑖=0

𝜔𝑖𝑔(𝑥𝑖), (46)

where {𝜔𝑖}𝑛𝑖=0 are called the weights, which we choose in accordance to the trapezoidal rule

ℎ =
𝑏− 𝑎

𝑛
, 𝜔0 = 𝜔𝑛 =

ℎ

2
, 𝜔1 = 𝜔2 = . . . = 𝜔𝑛−1 = ℎ,

𝑥𝑖 = 𝑎+ (𝑖− 1)ℎ, 𝑖 = 0, 1, . . . , 𝑛, where
𝑛∑︁

𝑖=0

𝜔𝑖 = 𝑏− 𝑎.

To deal with the weakly singular part, we apply the product trapezoidal rule [17, 42]. For all 𝐿 ∈ 𝐶0([𝑎, 𝑏]2,R),
𝑣 ∈ 𝐶0[𝑎, 𝑏] and ∀𝑛 ⩾ 1, ∀𝑡 ∈ [𝑎, 𝑏] :[︀

𝐿(𝑥, 𝑡)𝑣(𝑡)
]︀
𝑛
=

1

ℎ

[︀
(𝑥𝑖 − 𝑡)𝐿(𝑥, 𝑥𝑖−1)𝑣(𝑥𝑖−1) + (𝑡− 𝑥𝑖−1)𝐿(𝑥, 𝑥𝑖)𝑣(𝑥𝑖)

]︀
. (47)

Using the described above two numerical schemes (46) and (47), we get the following system⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝜆𝑢(𝑥) =

𝑛∑︁
𝑖=0

𝜔𝑖𝐾1(𝑥, 𝑥𝑖)𝑢(𝑥𝑖) +

𝑛∑︁
𝑖=0

�̄�1,𝑖(𝑥)𝐾2(𝑥, 𝑥𝑖)𝑢
′(𝑥𝑖) + 𝑓(𝑥) + 𝜀1,𝑛(𝑥) + �̄�1,𝑛(𝑥),

𝜆𝑢′(𝑥) =

𝑛∑︁
𝑖=0

𝜔𝑖
𝜕𝐾1

𝜕𝑥
(𝑥, 𝑥𝑖)𝑢(𝑥𝑖) +

𝑛∑︁
𝑖=0

[︂
�̄�1,𝑖(𝑥)

𝜕𝐾2

𝜕𝑥
(𝑥, 𝑥𝑖) + �̄�2,𝑖(𝑥)𝐾2(𝑥, 𝑥𝑖)𝑢

′(𝑥𝑖)

]︂
+

+𝑓 ′(𝑥) + 𝜀2,𝑛(𝑥) + �̄�2,𝑛(𝑥) + �̄�3,𝑛(𝑥),

(48)
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where ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

�̄�1,0(𝑥) =
1

ℎ

𝑥1∫︁
𝑎

(𝑥1 − 𝑡)𝑝(|𝑥− 𝑡|) 𝑑𝑡,

�̄�1,𝑛(𝑥) =
1

ℎ

𝑥𝑛∫︁
𝑥𝑛−1

(𝑡− 𝑥𝑛−1)𝑝(|𝑥− 𝑡|) 𝑑𝑡,

�̄�1,𝑖(𝑥) =
1

ℎ

𝑥𝑖∫︁
𝑥𝑖−1

(𝑡− 𝑥𝑖−1)𝑝(|𝑥− 𝑡|) 𝑑𝑡+ 1

ℎ

𝑥𝑖−1∫︁
𝑥𝑖

(𝑥𝑖+1 − 𝑡)𝑝(|𝑥− 𝑡|) 𝑑𝑡, 𝑖 = 1, . . . , 𝑛− 1,

and ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

�̄�2,0(𝑥) =
1

ℎ

𝑥1∫︁
𝑎

sign(𝑥− 𝑡)(𝑥1 − 𝑡)𝑝′(|𝑥− 𝑡|) 𝑑𝑡,

�̄�2,𝑛(𝑥) =
1

ℎ

𝑥𝑛∫︁
𝑥𝑛−1

sign(𝑥− 𝑡)(𝑡− 𝑥𝑛−1)𝑝
′(|𝑥− 𝑡|) 𝑑𝑡,

�̄�2,𝑖(𝑥) =
1

ℎ

𝑥𝑖∫︁
𝑥𝑖−1

sign(𝑥− 𝑡)(𝑡− 𝑥𝑖−1)𝑝
′(|𝑥− 𝑡|) 𝑑𝑡+ 1

ℎ

𝑥𝑖−1∫︁
𝑥𝑖

sign(𝑥− 𝑡)(𝑥𝑖+1 − 𝑡)𝑝′(|𝑥− 𝑡|) 𝑑𝑡,

𝑖 = 1, . . . , 𝑛− 1.

The local errors {𝜀𝑝,𝑛} with 𝑝 = 1, 2 and {�̄�𝑝,𝑛} with 𝑝 = 1, 2, 3 at ∀𝑛 ⩾ 1, included in (48), read

𝜀1,𝑛(𝑥) =

𝑏∫︁
𝑎

𝐾1(𝑥, 𝑡)𝑢(𝑡) 𝑑𝑡−
𝑛∑︁

𝑖=0

𝜔𝑖𝐾1(𝑥, 𝑥𝑖)𝑢(𝑥𝑖), (49)

�̄�1,𝑛(𝑥) =

𝑏∫︁
𝑎

𝑝(|𝑥− 𝑡|)𝐾2(𝑥, 𝑡)𝑢
′(𝑡) 𝑑𝑡−

𝑛∑︁
𝑖=0

�̄�1,𝑖(𝑥)𝐾2(𝑥, 𝑥𝑖)𝑢
′(𝑥𝑖), (50)

𝜀2,𝑛(𝑥) =

𝑏∫︁
𝑎

𝜕𝐾1

𝜕𝑥
(𝑥, 𝑡)𝑢(𝑡) 𝑑𝑡−

𝑛∑︁
𝑖=0

𝜔𝑖
𝜕𝐾1

𝜕𝑥
(𝑥, 𝑥𝑖)𝑢(𝑥𝑖), (51)

�̄�2,𝑛(𝑥) =

𝑏∫︁
𝑎

𝑝(|𝑥− 𝑡|)𝜕𝐾2

𝜕𝑥
(𝑥, 𝑡)𝑢′(𝑡) 𝑑𝑡−

𝑛∑︁
𝑖=0

�̄�1,𝑖(𝑥)
𝜕𝐾2

𝜕𝑥
(𝑥, 𝑥𝑖)𝑢

′(𝑥𝑖), (52)

�̄�3,𝑛(𝑥) =

𝑏∫︁
𝑎

sign(𝑥− 𝑡)𝑝′(|𝑥− 𝑡|)𝐾2(𝑥, 𝑡)𝑢
′(𝑡)𝑑𝑡−

𝑛∑︁
𝑖=0

�̄�2,𝑖(𝑥)𝐾2(𝑥, 𝑥𝑖)𝑢
′(𝑥𝑖). (53)

§ 5.2.1. System Approximation. We put 𝑥 = 𝑥𝑗 and assume that the presented errors (49)–(53) are
negligible in (48). Then we get the following linear system with 2𝑛+ 2 equations. For 0 ⩽ 𝑗 ⩽ 𝑛⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

𝜆𝑢𝑗 =

𝑛∑︁
𝑖=0

𝜔𝑖𝐾1(𝑥𝑗 , 𝑥𝑖)𝑢𝑖 +

𝑛∑︁
𝑖=0

�̄�1,𝑖(𝑥𝑗)𝐾2(𝑥𝑗 , 𝑥𝑖)𝑢
′
𝑖 + 𝑓𝑗 ,

𝜆𝑢′
𝑗 =

𝑛∑︁
𝑖=0

𝜔𝑖
𝜕𝐾1

𝜕𝑥
(𝑥𝑗 , 𝑥𝑖)𝑢𝑖 +

𝑛∑︁
𝑖=0

[︂
�̄�1,𝑖(𝑥𝑗)

𝜕𝐾2

𝜕𝑥
(𝑥𝑗 , 𝑥𝑖) + �̄�2,𝑖(𝑥𝑗)𝐾2(𝑥𝑗 , 𝑥𝑖)

]︂
𝑢′
𝑖 + 𝑓 ′

𝑗 ,

(54)

where 𝑓𝑗 = 𝑓(𝑥𝑗), 𝑓 ′
𝑗 = 𝑓 ′(𝑥𝑗) and 𝑢𝑗 , 𝑢′

𝑗 are the approximations of 𝑢(𝑥𝑗) and 𝑢′(𝑥𝑗) respectively.
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Theorem 5. If 2

[︂
(𝑏− 𝑎)𝑀1 + ‖𝑝‖𝑊 11(0,𝑏−𝑎)𝑀2

]︂
<| 𝜆 |, then there exists a unique vector

𝑈 = (𝑢0, 𝑢1, . . . 𝑢𝑛, 𝑢
′
0, 𝑢

′
1, . . . 𝑢

′
𝑛)

𝑡 ∈ R2𝑛+2

with the norm
‖𝑈‖R2𝑛+2 = max

0⩽𝑖⩽𝑛
| 𝑢𝑖 | + max

0⩽𝑖⩽𝑛
| 𝑢′

𝑖 |,

that is the solution of the system (54).

Proof We use the Banach’s fixed-point theorem [17] to prove the solution’s existence and uniqueness of
the system (54). It can be rewritten in the following form

𝑈 = 𝑇 [𝑈 ],

where 𝑇 [𝑈 ] is a vector of R2𝑛+2 given as

𝑇 [𝑈 ] =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

1

𝜆

𝑛∑︁
𝑖=0

𝜔𝑖𝐾1(𝑥𝑗 , 𝑥𝑖)𝑢𝑖 +
1

𝜆

𝑛∑︁
𝑖=0

�̄�1,𝑖(𝑥𝑗)𝐾2(𝑥𝑗 , 𝑥𝑖)𝑢
′
𝑖 + 𝑓𝑗 , 0 ⩽ 𝑗 ⩽ 𝑛,

1

𝜆

𝑛∑︁
𝑖=0

𝜔𝑖
𝜕𝐾1

𝜕𝑥
(𝑥𝑗−𝑛−1, 𝑥𝑖)𝑢𝑖 +

1

𝜆

𝑛∑︁
𝑖=0

[︂
�̄�1,𝑖(𝑥𝑗)

𝜕𝐾2

𝜕𝑥
(𝑥𝑗−𝑛−1, 𝑥𝑖) +

+ �̄�2,𝑖(𝑥𝑗)𝐾2(𝑥𝑗−𝑛−1, 𝑥𝑖)

]︂
𝑢′
𝑖 + 𝑓 ′

𝑗−𝑛−1, 𝑛+ 1 ⩽ 𝑗 ⩽ 2𝑛+ 2.

(55)

Let 𝑈 and 𝑉 are two vectors of R2𝑛+2. Since⃒⃒⃒⃒
1

𝜆

𝑛∑︁
𝑖=0

𝜔𝑖𝐾1(𝑥𝑗 , 𝑥𝑖)(𝑢𝑖 − 𝑣𝑖) +
1

𝜆

𝑛∑︁
𝑖=0

�̄�1,𝑖(𝑥𝑗)𝐾2(𝑥𝑗 , 𝑥𝑖)(𝑢
′
𝑖 − 𝑣′𝑖)

⃒⃒⃒⃒
⩽

1

|𝜆|

⃒⃒⃒⃒ 𝑛∑︁
𝑖=0

𝜔𝑖

⃒⃒⃒⃒
|𝐾1(𝑥𝑗 , 𝑥𝑖)| max

0⩽𝑖⩽𝑛
| 𝑢𝑖 − 𝑣𝑖 | +

+
1

|𝜆|

⃒⃒⃒⃒ 𝑛∑︁
𝑖=0

�̄�1,𝑖(𝑥𝑗)

⃒⃒⃒⃒
|𝐾2(𝑥𝑗 , 𝑥𝑖)| max

0⩽𝑖⩽𝑛
| 𝑢′

𝑖 − 𝑣′𝑖 |

and⃒⃒⃒⃒
1

𝜆

𝑛∑︁
𝑖=0

𝜔𝑖
𝜕𝐾1

𝜕𝑥
(𝑥𝑗−𝑛−1, 𝑥𝑖)(𝑢𝑖 − 𝑣𝑖) +

1

𝜆

𝑛∑︁
𝑖=0

[︂
�̄�1,𝑖(𝑥𝑗)

𝜕𝐾2

𝜕𝑥
(𝑥𝑗−𝑛−1, 𝑥𝑖) + �̄�2,𝑖(𝑥𝑗)𝐾2(𝑥𝑗−𝑛−1, 𝑥𝑖)

]︂
(𝑢′

𝑖 − 𝑣′𝑖)

⃒⃒⃒⃒
⩽

⩽
1

|𝜆|

⃒⃒⃒⃒ 𝑛∑︁
𝑖=0

𝜔𝑖

⃒⃒⃒⃒ ⃒⃒⃒⃒
𝜕𝐾1

𝜕𝑥
(𝑥𝑗 , 𝑥𝑖)

⃒⃒⃒⃒
max
0⩽𝑖⩽𝑛

| 𝑢𝑖 − 𝑣𝑖 | +
1

|𝜆|

⃒⃒⃒⃒ 𝑛∑︁
𝑖=0

�̄�1,𝑖(𝑥𝑗)

⃒⃒⃒⃒ ⃒⃒⃒⃒
𝜕𝐾2

𝜕𝑥
(𝑥𝑗 , 𝑥𝑖)

⃒⃒⃒⃒
max
0⩽𝑖⩽𝑛

| 𝑢′
𝑖 − 𝑣′𝑖 | +

+
1

|𝜆|

⃒⃒⃒⃒ 𝑛∑︁
𝑖=0

�̄�2,𝑖(𝑥𝑗)

⃒⃒⃒⃒ ⃒⃒⃒⃒
𝐾2(𝑥𝑗 , 𝑥𝑖)

⃒⃒⃒⃒
max
0⩽𝑖⩽𝑛

| 𝑢′
𝑖 − 𝑣′𝑖 |,

where
⃒⃒⃒⃒ 𝑛∑︁
𝑖=0

𝜔𝑖

⃒⃒⃒⃒
= 𝑏− 𝑎,

⃒⃒⃒⃒ 𝑛∑︁
𝑖=0

�̄�1,𝑖(𝑥𝑗)

⃒⃒⃒⃒
⩽ ||𝑝||𝐿1(0,𝑏−𝑎) and

⃒⃒⃒⃒ 𝑛∑︁
𝑖=0

�̄�2,𝑖(𝑥𝑗)

⃒⃒⃒⃒
⩽ ||𝑝′||𝐿1(0,𝑏−𝑎), then

‖𝑇 [𝑈 ]− 𝑇 [𝑉 ]‖R2𝑛+2 ⩽
2(𝑏− 𝑎)𝑀1

|𝜆|
max
0⩽𝑖⩽𝑛

| 𝑢𝑖 − 𝑣𝑖 | +
2𝑀2||𝑝||𝑊 11(0,𝑏−𝑎)

|𝜆|
max
0⩽𝑖⩽𝑛

| 𝑢′
𝑖 − 𝑣′𝑖 | . (56)

This means that

‖𝑇 [𝑈 ]− 𝑇 [𝑉 ]‖R2𝑛+2 ⩽ 2
(𝑏− 𝑎)𝑀1 + ‖𝑝‖𝑊 11(0,𝑏−𝑎)𝑀2

| 𝜆 |
‖𝑈 − 𝑉 ‖R2𝑛+2 . (57)

Assuming the validity of the inequality 2

[︂
(𝑏 − 𝑎)𝑀1 + ‖𝑝‖𝑊 11(0,𝑏−𝑎)𝑀2

]︂
< | 𝜆 | and using the Banach’s fixed-

point theorem, we conclude that the approximate system has a unique solution.

§ 5.2.2. Convergence Analysis. The convergence analysis of this method is totally different from the first
one because in this case we use the numerical techniques to prove that the errors (49)–(53) tend to zero. We
start with the following theorems, which explain this decrease of local errors.
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Theorem 6. Let 𝑛 ⩾ 1 and 𝜀𝑛 be a vector of R2𝑛+2

𝜀𝑛 =
(︀
𝜀1,𝑛(𝑥0), 𝜀1,𝑛(𝑥1), . . . , 𝜀1,𝑛(𝑥𝑛), 𝜀2,𝑛(𝑥0), 𝜀2,𝑛(𝑥1), . . . , 𝜀2,𝑛(𝑥𝑛)

)︀𝑡
,

then

‖𝜀𝑛‖R2𝑛+2 ⩽ (𝑏− 𝑎)

[︂
max
0⩽𝑖⩽𝑛

𝜅1,1(𝐾1, ℎ)(𝑥𝑖)‖𝑢‖𝐶1[𝑎,𝑏] + 2𝑀1 𝜅1(𝑢, ℎ)

]︂
.

Proof For 𝑖 = 0, 1, . . . , 𝑛 we have

⃒⃒
𝜀1,𝑛(𝑥𝑖)

⃒⃒
=

⃒⃒⃒⃒
⃒
𝑛−1∑︁
𝑗=0

𝑥𝑗+1∫︁
𝑥𝑗

𝐾1(𝑥𝑖, 𝑡)𝑢(𝑡) 𝑑𝑡−
ℎ

2

[︁
𝐾1(𝑥𝑖, 𝑥𝑗+1)𝑢(𝑥𝑗+1) +𝐾1(𝑥𝑖, 𝑥𝑗)𝑢(𝑥𝑗)

]︁⃒⃒⃒⃒⃒,
⃒⃒
𝜀2,𝑛(𝑥𝑖)

⃒⃒
=

⃒⃒⃒⃒
⃒
𝑛−1∑︁
𝑗=0

𝑥𝑗+1∫︁
𝑥𝑗

𝜕𝐾1

𝜕𝑥
(𝑥𝑖, 𝑡)𝑢(𝑡) 𝑑𝑡−

ℎ

2

[︂
𝜕𝐾1

𝜕𝑥
(𝑥𝑖, 𝑥𝑗+1)𝑢(𝑥𝑗+1) +

𝜕𝐾1

𝜕𝑥
(𝑥𝑖, 𝑥𝑗)𝑢(𝑥𝑗)

]︂ ⃒⃒⃒⃒
⃒.

But for all 𝑡 ∈ [𝑥𝑗 , 𝑥𝑗+1],⃒⃒⃒⃒
⃒⃒⃒ 𝑥𝑗+1∫︁
𝑥𝑗

𝐾1(𝑥𝑖, 𝑡)𝑢(𝑡) 𝑑𝑡−
ℎ

2

[︀
𝐾1(𝑥𝑖, 𝑥𝑗+1)𝑢(𝑥𝑗+1) +𝐾1(𝑥𝑖, 𝑥𝑗)𝑢(𝑡𝑗)

]︀⃒⃒⃒⃒⃒⃒⃒ ⩽
⩽ ℎ

[︂
max
0⩽𝑖⩽𝑛

𝜅1,0(𝐾1, ℎ)(𝑥𝑖)‖𝑢‖𝐶1[𝑎,𝑏] +𝑀1𝜅0(𝑢, ℎ)

]︂
, (58)

⃒⃒⃒⃒
⃒⃒⃒ 𝑥𝑗+1∫︁
𝑥𝑗

𝜕𝐾1

𝜕𝑥
(𝑥𝑖, 𝑡)𝑢(𝑡) 𝑑𝑡−

ℎ

2

[︁𝜕𝐾1

𝜕𝑥
(𝑥𝑖, 𝑥𝑗+1)𝑢(𝑥𝑗+1) +

𝜕𝐾1

𝜕𝑥
(𝑥𝑖, 𝑥𝑗)𝑢(𝑥𝑗)

]︁⃒⃒⃒⃒⃒⃒⃒ ⩽
⩽ ℎ

[︂
max
0⩽𝑖⩽𝑛

𝜅1,0(𝜕𝑥𝐾1, ℎ)(𝑥𝑖)‖𝑢‖𝐶1[𝑎,𝑏] +𝑀1𝜅0(𝑢, ℎ)

]︂
. (59)

This leads us to:

|𝜀1,𝑛(𝑥𝑖)| ⩽ (𝑏− 𝑎)

[︂
max
0⩽𝑖⩽𝑛

𝜅1,0(𝐾1, ℎ)(𝑥𝑖)‖𝑢‖𝐶1[𝑎,𝑏] +𝑀1𝜅1(𝑢, ℎ)

]︂
,

|𝜀2,𝑛(𝑥𝑖)| ⩽ (𝑏− 𝑎)

[︂
max
0⩽𝑖⩽𝑛

𝜅1,0

(︂
𝜕𝑥𝐾1, ℎ

)︂
(𝑥𝑖)‖𝑢‖𝐶1[𝑎,𝑏] +𝑀1𝜅1(𝑢, ℎ)

]︂
.

And finally to:

max
0⩽𝑖⩽𝑛

|𝜀1,𝑛(𝑥𝑖)|+ max
0⩽𝑖⩽𝑛

|𝜀2,𝑛(𝑥𝑖)| ⩽ (𝑏− 𝑎)

[︂
max
0⩽𝑖⩽𝑛

𝜅1,1(𝐾1, ℎ)(𝑥𝑖)‖𝑢‖𝐶1[𝑎,𝑏] + 2𝑀1 𝜅1(𝑢, ℎ)

]︂
.

As a result, we obtain

‖𝜀𝑛‖R2𝑛+2 ⩽ (𝑏− 𝑎)

[︂
max
0⩽𝑖⩽𝑛

𝜅1,1(𝐾1, ℎ)(𝑥𝑖)‖𝑢‖𝐶1[𝑎,𝑏] + 2𝑀1 𝜅1(𝑢, ℎ)

]︂
.

Theorem 7. Let 𝑛 ⩾ 1 and �̄�𝑛 be a vector of R2𝑛+2

�̄�𝑛 =
(︀
�̄�1,𝑛(𝑥0), �̄�1,𝑛(𝑥1), . . . , �̄�1,𝑛(𝑥𝑛), �̄�2,𝑛(𝑥0) + �̄�3,𝑛(𝑥0), �̄�2,𝑛(𝑥1) + �̄�3,𝑛(𝑥1), . . . , �̄�2,𝑛(𝑥𝑛) + �̄�3,𝑛(𝑥𝑛)

)︀𝑡
, then

‖�̄�𝑛‖R2𝑛+2 ⩽ 4

[︂
𝑀2𝜅1(𝑢, ℎ) + max

0⩽𝑗⩽𝑛
𝜅1,1(𝐾2, ℎ)(𝑥𝑗)‖𝑢‖𝐶1[𝑎,𝑏]

]︂
‖𝑝‖𝑊 1,1(0,𝑏−𝑎).
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Proof For large 𝑛 enough,

⃒⃒
�̄�1,𝑛(𝑥𝑗)

⃒⃒
=

⃒⃒⃒⃒
⃒⃒

𝑏∫︁
𝑎

𝑝(|𝑥𝑗 − 𝑡|)𝐾2(𝑥𝑗 , 𝑡)𝑢
′(𝑡)𝑑𝑡 −

𝑛∑︁
𝑖=0

�̄�1,𝑖(𝑥𝑗)𝐾2(𝑥𝑗 , 𝑥𝑖)𝑢
′(𝑥𝑖)

⃒⃒⃒⃒
⃒⃒ =

=

𝑏∫︁
𝑎

𝑝(|𝑥𝑗 − 𝑡|)
[︂
𝐾2(𝑥𝑗 , 𝑡)𝑢

′(𝑡)− (𝑥𝑗 − 𝑡)

ℎ
𝐾2(𝑥𝑗 , 𝑥𝑖−1)𝑢(𝑥𝑖−1)−

(𝑡− 𝑥𝑖−1)

ℎ
𝐾2(𝑥𝑗 , 𝑥𝑖)𝑢(𝑥𝑖)

]︂
𝑑𝑡 ⩽

⩽

𝑏∫︁
𝑎

⃒⃒⃒⃒
𝑝(|𝑥𝑗 − 𝑡|)

⃒⃒⃒⃒ [︂
|𝑥𝑖 − 𝑡|

ℎ
𝑀2𝜅0(𝑢

′, ℎ) +
|𝑥𝑖 − 𝑡|

ℎ
max
0⩽𝑗⩽𝑛

𝜅1,0(𝐾2, ℎ)(𝑥𝑗)‖𝑢‖𝐶1[𝑎,𝑏]+

+
|𝑡− 𝑥𝑖−1|

ℎ
𝑀2𝜅0(𝑢

′, ℎ) +
|𝑡− 𝑥𝑖−1|

ℎ
max
0⩽𝑗⩽𝑛

𝜅1,0(𝐾2, ℎ)(𝑥𝑗)‖𝑢‖𝐶1[𝑎,𝑏]

]︂
𝑑𝑡.

Then

|�̄�1,𝑛(𝑥𝑗)| ⩽ 2

[︂
𝑀2𝜅1(𝑢, ℎ) + max

0⩽𝑗⩽𝑛
𝜅1,1(𝐾2, ℎ)(𝑥𝑗)‖𝑢‖𝐶1[𝑎,𝑏]

]︂ 𝑏∫︁
𝑎

⃒⃒⃒⃒
𝑝(|𝑥𝑖 − 𝑡|)

⃒⃒⃒⃒
𝑑𝑡. (60)

In same way, we get

|�̄�2,𝑛(𝑥𝑗)| ⩽ 2

[︂
𝑀2𝜅1(𝑢, ℎ) + max

0⩽𝑗⩽𝑛
𝜅1,1(𝐾2, ℎ)(𝑥𝑗)‖𝑢‖𝐶1[𝑎,𝑏]

]︂ 𝑏∫︁
𝑎

⃒⃒⃒⃒
𝑝(|𝑥𝑖 − 𝑡|)

⃒⃒⃒⃒
𝑑𝑡, (61)

|�̄�3,𝑛(𝑥𝑗)| ⩽ 2

[︂
𝑀2𝜅1(𝑢, ℎ) + max

0⩽𝑗⩽𝑛
𝜅1,1(𝐾2, ℎ)(𝑥𝑗)‖𝑢‖𝐶1[𝑎,𝑏]

]︂ 𝑏∫︁
𝑎

⃒⃒⃒⃒
𝑝′(|𝑥𝑖 − 𝑡|)

⃒⃒⃒⃒
𝑑𝑡. (62)

Summing (61) and (62), we find that

|�̄�2,𝑛(𝑥𝑗) + �̄�3,𝑛(𝑥𝑗)| ⩽ 2

[︂
𝑀2𝜅1(𝑢, ℎ) + max

0⩽𝑗⩽𝑛
𝜅1,1(𝐾2, ℎ)(𝑥𝑗)‖𝑢‖𝐶1[𝑎,𝑏]

]︂
‖𝑝‖𝑊 1,1(0,𝑏−𝑎). (63)

Finally, it follows from (60) and (63) that

‖�̄�𝑛‖R2𝑛+2 ⩽ 4

[︂
𝑀2𝜅1(𝑢, ℎ) + max

0⩽𝑗⩽𝑛
𝜅1,1(𝐾2, ℎ)(𝑥𝑗)‖𝑢‖𝐶1[𝑎,𝑏]

]︂
‖𝑝‖𝑊 1,1(0,𝑏−𝑎).

Theorem 8. We have lim
𝑛→+∞

𝑒𝑟𝑟𝑛 = 0, where 𝑒𝑟𝑟𝑛 is the local discrete error given by

𝑒𝑟𝑟𝑛 = max
0⩽𝑖⩽𝑛

|𝑢(𝑥𝑖)− 𝑢𝑖|+ max
0⩽𝑖⩽𝑛

|𝑢′(𝑥𝑖)− 𝑢′
𝑖|. (64)

Proof For large 𝑛 enough, we have

|𝜆| |𝑢(𝑥𝑖)− 𝑢𝑖| ⩽ |𝜀1,𝑛(𝑥𝑖)|+ |�̄�1,𝑛(𝑥𝑖)|
(︀
𝑀1(𝑏− 𝑎) +𝑀2‖𝑝‖𝑊 1,1(0,𝑏−𝑎)

)︀
𝑒𝑟𝑟𝑛,

|𝜆| |𝑢′(𝑥𝑖)− 𝑢′
𝑖| ⩽ |𝜀1,𝑛(𝑥𝑖)|+ |�̄�2,𝑛(𝑥𝑖) + �̄�3,𝑛(𝑥𝑖)|

(︀
𝑀1(𝑏− 𝑎) +𝑀2‖𝑝‖𝑊 1,1(0,𝑏−𝑎)

)︀
𝑒𝑟𝑟𝑛.

Then

𝑒𝑟𝑟𝑛 ⩽ 2
𝑀1(𝑏− 𝑎) +𝑀2‖𝑝‖𝑊 1,1(0,𝑏−𝑎)

|𝜆|

[︂
‖𝜀𝑛‖R2𝑛+2 + ‖�̄�‖R2𝑛+2

]︂
,

and when 𝑛 → ∞ we get 𝑒𝑟𝑟𝑛 → 0.
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Table 2. The error between the exact and approximate solution of equation (65)

𝑛 Cubic b-spline Time (seconds) Product integration Time (seconds)
10 2.5258e-05 0.404550 1.5509e-04 0.566668
50 3.9863e-07 5.012754 6.2018e-06 10.075807
100 6.8110e-08 18.880831 1.5504e-06 37.706229
200 1.1746e-08 67.1629 3.8761e-07 134.325839

6. Numerical Test. To evaluate our numerical treatments, we consider the following example

∀𝑥 ∈ [0, 1] : 𝜆𝑢(𝑥) =

1∫︁
0

𝑢(𝑡)

(𝑥+ 𝑡3)2 + 1
𝑑𝑡+

1∫︁
0

√︀
|𝑥− 𝑡|𝑢′(𝑡) 𝑑𝑡+ 𝑓(𝑥), (65)

where |𝜆| = |8𝑖+ 6| = 10 and

𝑓(𝑥) = (8𝑖+ 6)𝑥2 − 1

3

(︂
arctan(1 + 𝑥)− arctan(𝑥)

)︂
− 4

15

(︂
(2𝑥+ 3)(1− 𝑥)

3
2 + 2𝑥

5
2

)︂
.

In this example 𝑝(𝑥, 𝑡) =
√︀
|𝑥− 𝑡|, |𝐾𝑖(𝑥, 𝑡)| ⩽ 𝑀𝑖 for 𝑖 = 1, 2, where 𝑀1 = 2, 𝑀2 = 1. The exact solution

of (65) is 𝑢(𝑥) = 𝑥2.
If |𝜆| satisfies the hypothesis that 10 > 2((𝑏−𝑎)𝑀1+𝑀2||𝑝||𝑊 1,10,𝑏−𝑎), then the equation (65) will have a

unique solution. The absolute errors 𝑒𝑟𝑟 = max
0⩽𝑖⩽𝑛

|𝑢(𝑥𝑖)− 𝑢𝑖| of the proposed methods are shown in the table 2.

Below we present the figure 1, demonstrating the behavior of the absolute errors of the numerical solutions
of (65) in two considered approaches.

Let us consider the next example

∀𝑥 ∈ [0, 10] : 𝜆𝑢(𝑥) =

10∫︁
0

𝑢(𝑡)√
𝑡2 + 𝑥+ 1

𝑑𝑡+

10∫︁
0

√︀
|𝑥− 𝑡|𝑢′(𝑡) 𝑑𝑡+ 𝑓(𝑥) (66)

with
𝑓(𝑥) = 60𝑥−

√
101 + 𝑥+

√
1 + 𝑥− 2

3
(10− 𝑥)

3
2 − 2

3
𝑥

3
2 ,

and |𝜆| = 60, 𝑝(𝑥, 𝑡) =
√︀
|𝑥− 𝑡|, |𝐾𝑖(𝑥, 𝑡)| ⩽ 𝑀𝑖 for 𝑖 = 1, 2, where 𝑀1 = 2,𝑀2 = 1. The exact solution of (66)

is 𝑢(𝑥) = 𝑥.

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6
×10−4

0.0 0.2 0.4 0.6 0.8 1.0

B-spline Error
Product Error

Figure 1. The absolute errors of the numerical solutions of (65), obtained within the cubic b-spline method with 𝑛 = 10

and the product integration
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Table 3. The error between the exact and approximate solution of equation (66)

𝑛 Cubic b-spline Time (seconds) Product integration Time (seconds)
50 5.3291e-15 4.867362 1.0658e-14 9.230699
100 6.2172e-15 19.957707 9.2258e-15 36.143670
200 7.1054e-15 84.333753 7.1054e-15 147.454297

If |𝜆| satisfies the assumption that 60 > 2((𝑏− 𝑎)𝑀1 +𝑀2||𝑝||𝑊 1,10,𝑏−𝑎), then the equation (66) will have
a unique solution. In the table 3 we present the values of the errors for various numbers 𝑛 of discretization.

The corresponding absolute errors of the numerical solutions of (66) are shown in the figure 2.

0.0

0.2

0.4

0.6

0.8

1.0

1.2
×10−14

0 2 4 6 8 10

B-spline Error
Product Error

Figure 2. The absolute errors of the numerical solutions of (66), obtained within the cubic b-spline method
with 𝑛 = 50 and the product integration

Let us turn to one more example

∀𝑥 ∈ [0, 1] : 𝜆𝑢(𝑥) =

1∫︁
0

𝑢(𝑡)

exp(𝑡) + 𝑥
𝑑𝑡+

1∫︁
0

exp(𝑥− 𝑡)|𝑥− 𝑡| 13𝑢′(𝑡) 𝑑𝑡+ 𝑓(𝑥), (67)

where
𝑓(𝑥) = 5 exp(𝑥)− log(𝑥+ exp(1)) + log(1 + 𝑥)− 2

4
exp(𝑥)𝑥

4
3 − 3

4
(1− 𝑥)

4
3 ,

and |𝜆| = 5, 𝑝(𝑥, 𝑡) = |𝑥− 𝑡|
1
3 , |𝐾𝑖(𝑥, 𝑡)| ⩽ 𝑀𝑖, for 𝑖 = 1, 2, where 𝑀1 = 1, 𝑀2 = 1. The exact solution of (67)

is 𝑢(𝑥) = exp(𝑥).
If |𝜆| satisfies the hypothesis that 5 > 2((𝑏− 𝑎)𝑀1 +𝑀2||𝑝||𝑊 1,10,𝑏−𝑎), then the equation (67) will have a

unique solution. In the table 4 we present the values of the errors for different numbers 𝑛 of discretization.
Below we plot the figure 3, demonstrating the behavior of the absolute errors of the numerical solutions

of (67) in two studied approaches.

Table 4. The error between the exact and approximate solution of equation (67)

𝑛 Cubic b-spline Time (seconds) Product integration Time (seconds)
10 9.8991e-05 1.033524 4.8240e-04 1.171200
50 1.7845e-06 5.664957 1.9252e-05 11.973596
100 3.3413e-07 27.674090 4.8123e-06 43.865372
200 6.3835e-08 94.779000 1.2030e-06 153.695566
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Figure 3. The absolute errors of the numerical solutions of (67), obtained within the cubic b-spline method
with 𝑛 = 10 and the product integration.

Based on the error values of the two considered approximate methods and on the used machine time, we
conclude that in all three examples the b-spline collocation method is better than the product integration one.
Furthermore, in contrast to the latter one, the convergence of the cubic b-spline method does not depend on
the sufficient condition in theorem 5.

7. Conclusion. In this paper, we have investigated the numerical solutions of the linear integral Fredholm
equation with a weakly singular kernels (1). For this goal, we have considered two approximate methods for its
solution: the b-spline collocation and the product integration method. In the first of them, we have used the
principle of the collocation method with b-spline bases, which led us to a conversion of our equation into the
system containing 𝑛+ 1 equations. In the second one, based on application of the product integration method,
we have obtained the algebraic system containing 2𝑛 + 2 equations. One should emphasize that the number
of equations plays an important role in saving time in the resolution. This fact is a positive point for the
b-spline collocation method which is presented in the numerical test. We have provided theorems showing the
convergence of the b-spline collocation solution and its product integration counterpart to the exact solution.
Through the numerical example we have noticed that the first method is better in terms of convergence and
efficiency. We have provided our studies by the certain assumptions enabling to construct the sufficient condition
which ensures the existence and uniqueness of the found solution. As perspective, we will try to modify these
assumptions or to study a nonlinear integro-differential equation with both weakly singular kernels.
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Received
March 25, 2022

Accepted for publication
April 29, 2022

Information about the authors

Boutheina Tair — Ph. D., Leading Scientist, University 08 May 1945, Department of Mathematics, Laboratory
of Applied Mathematics and Modeling, P. 401, 24000, Guelma, Algeria.

Sami Segni — Assistant professor class B, Leading Scientist, University 08 May 1945, Department of Mathe-
matics, Laboratory of Applied Mathematics and Modeling, P. 401, 24000, Guelma, Algeria.

Hamza Guebbai — Professor, Leading Scientist, University 08 May 1945, Department of Mathematics, Labo-
ratory of Applied Mathematics and Modeling, P. 401, 24000, Guelma, Algeria.

Mourad Ghait — M.C.A., Leading Scientist, University 08 May 1945, Department of Mathematics, Laboratory
of Applied Mathematics and Modeling, P. 401, 24000, Guelma, Algeria.

https://road.issn.org/
https://www.sid.ir/en/journal/ViewPaper.aspx?id=715404
http://www.jstor.org/stable/24901235
https://dx.doi.org/10.1137/0709057
https://dx.doi.org/10.1137/0711049
https://dx.doi.org/10.1007/s10958-012-1053-3
https://dx.doi.org/10.1016/0021-9045(73)90024-5
https://dx.doi.org/10.1137/0705007
https://dx.doi.org/10.2478/s11533-011-0104-1

	1. Introduction
	2. Preliminary
	3. Problem Position
	4. Analytical Study
	5. Numerical Methods
	5.1. Collocation b-Spline Method
	5.2. Product integration

	6. Numerical Test
	7. Conclusion
	8. References

