
348 ¢»·¨±«¨²¥«¼»¥ ¬¥²®¤» ¨ ¯°®£° ¬¬¨°®¢ ¨¥. 2009. �. 10��� 533.4/6������������� � ��������� ������������ ������� ����� ������ � ����������� �������.�. �®°®¦¶®¢1� «¨§¨°³¥²±¿ ¨§¢¥±²®¥ ¯°¨¡«¨¦¥®¥   «¨²¨·¥±ª®¥ °¥¸¥¨¥ § ¤ ·¨ ® ²¥·¥¨¨ £ § , ¢»-§¢ ®¬ ¢° ¹¥¨¥¬ ¤¨±ª  ¢³²°¨ § ¬ª³²®£® ª®¦³µ . �®ª § ®, ·²® ½²® °¥¸¥¨¥ ¥¯°¨¬¥-¨¬® ¨§-§  ¯®¿¢«¥¨¿ ¥´¨§¨·®© ®²°¨¶ ²¥«¼®© ²®«¹¨» ¯®£° ¨·®£® ±«®¿ ¢ ®ª°¥±²®±²¨¢ « . �®«³·¥» ®¢»¥   «¨²¨·¥±ª¨¥ °¥¸¥¨¿ ¤«¿ ¯ ° ¬¥²°®¢ ²¥·¥¨¿ ¢³²°¨ ¯®£° ¨·®£®±«®¿ ³ ¥¯®¤¢¨¦®£® ®±®¢ ¨¿ ª®¦³µ  ¤«¿ ¥±ª®«¼ª¨µ ±²¥¯¥¥©  ¯¯°®ª±¨¬¨°³¾¹¨µ ¯®«¨®-¬®¢. � ¶¥«¼¾ ³¬¥¼¸¥¨¿ ° ±µ®¦¤¥¨¿ ¬¥¦¤³   «¨²¨·¥±ª¨¬ °¥¸¥¨¥¬ ¨ ¯°¿¬»¬ ° §®±²»¬°¥¸¥¨¥¬ ²°¥µ¬¥°»µ ³° ¢¥¨© � ¢¼¥{�²®ª±  ¯°¥¤«®¦¥® ³·¨²»¢ ²¼ ¬®¬¥² ±¨«» ¢¿§ª®£®²°¥¨¿   ¡®ª®¢®© ±²¥ª¥ �²® ¯®§¢®«¨«® § ·¨²¥«¼® ³«³·¸¨²¼ ²®·®±²¼ ¯°¨¡«¨¦¥®£®   -«¨²¨·¥±ª®£® °¥¸¥¨¿.�«¾·¥¢»¥ ±«®¢ : ¢° ¹¥¨¥ ¤¨±ª  ¢ ª®¦³µ¥, ¢¿§ª ¿ ¥±¦¨¬ ¥¬ ¿ ¦¨¤ª®±²¼,   «¨²¨·¥±ª®¥ °¥¸¥¨¥,¶¨«¨¤°¨·¥±ª¨¥ ª®®°¤¨ ²», ª®¥·®-° §®±²»© ¬¥²®¤.1. �¢¥¤¥¨¥. �®£« ±® [1], § ²° ²» ½«¥ª²°®½¥°£¨¨   ¢¥²¨«¿¶¨¾ (²° ±¯®°²¨°®¢ª  ¨ ¯®¤®£°¥¢)¨§¬¥¿¾²±¿   ¯°®¬»¸«¥»µ ¯°¥¤¯°¨¿²¨¿µ �®±±¨¨ ¢ ¯°¥¤¥« µ ®² 15 ¤® 75% ®¡¹¥£® ½¥°£®¯®²°¥¡«¥-¨¿. � ½²®© ±¢¿§¨  ª²³ «¼  § ¤ ·  ° §° ¡®²ª¨ ¢»±®ª®½´´¥ª²¨¢»µ ¨ ½ª®®¬¨·»µ ¢¥²¨«¿¶¨®»µ³±²°®©±²¢ ¤«¿ ¯¥°¥ª ·¨¢ ¨¿ £ §®¢, ®·¨±²ª¨ £ §®¢ ¨ ¦¨¤ª®±²¥© ®² ¯°¨¬¥±¥© ¢ ° §«¨·»µ ®²° ±«¿µ ¯°®-¬»¸«¥®±²¨ ¨ ±¥«¼±ª®£® µ®§¿©±²¢ . �®¦® ¢»¤¥«¨²¼ ±«¥¤³¾¹¨¥ ²¨¯» ¢¥²¨«¿²®°®¢: ¶¥²°®¡¥¦»¥,®±¥¢»¥ ¨ ¤¨±ª®¢»¥. �¨±ª®¢»¥ ¢¥²¨«¿²®°» ¬®¦® ®²¥±²¨ ª ¬ ¸¨ ¬ ²°¥¨¿. �¨ ®²«¨· ¾²±¿ ®² ²° -¤¨¶¨®»µ ¶¥²°®¡¥¦»µ ¨ ®±¥¢»µ ¢¥²¨«¿²®°®¢, ª®²®°»¥ ¿¢«¿¾²±¿ ¬ ¸¨ ¬¨ ¤¨ ¬¨·¥±ª®£® ¤¥©±²¢¨¿.�±«¨ ¢ ²° ¤¨¶¨®»µ ¢¥²¨«¿²®° µ ±¨«» ¢¿§ª®£® ²°¥¨¿ ¯¥°¥ª ·¨¢ ¥¬®© ±°¥¤» ® ¯®¢¥°µ®±²¨ ª°»«¼· -²®ª ¨ «®¯ ±²¥© ¿¢«¿¾²±¿ ®²°¨¶ ²¥«¼»¬ ´ ª²®°®¬, ²® ¢ ¤¨±ª®¢»µ ¢¥²¨«¿²®° µ,  ®¡®°®², ±°¥¤  § µ¢ -²»¢ ¥²±¿ ¤¨±ª ¬¨, ´¨ª±¨°³¥²±¿ ¢ ¬¥¦¤¨±ª®¢®¬ ¯°®±²° ±²¢¥ ¨ ¢®¢«¥ª ¥²±¿ ¢® ¢° ¹ ²¥«¼®¥ ¤¢¨¦¥¨¥¡« £®¤ °¿ ¢¿§ª®¬³ ²°¥¨¾. �®§¨ª ¾¹ ¿ ¯°¨ ½²®¬ ¶¥²°®¡¥¦ ¿ ±¨«  ®¡¥±¯¥·¨¢ ¥² ²° ±¯®°²¨°®¢ª³£ §  ¨«¨ ¦¨¤ª®±²¨. �¨±. 1. �°®±²¥©¸¨© ¤¨±ª®¢»© ¢¥²¨«¿²®°�¯¥°¢»¥ ´°¨ª¶¨®»© ¯°¨¶¨¯ ¯°¥¤«®¦¨« ¯°¨-¬¥¿²¼ ¢ ¢¥²¨«¿²®° µ �. �¥±«  [2]. �¨¤ ¯°®±²¥©-¸¥£® (¬®¤¥«¼®£®) ¤¨±ª®¢®£® ¢¥²¨«¿²®°  ¯®ª §   °¨±. 1. �¥°µ¿¿ ª°»¸ª  ª®¦³µ  ³¤ «¥  ¤«¿ ²®-£®, ·²®¡» ¡®«¥¥  £«¿¤® ¯®ª § ²¼ ®±®¡¥®±²¨ ¤¨-§ ©  ¤¨±ª®¢®£® ¢¥²¨«¿²®° . �²°¥«ª¨,  ¯° ¢«¥-»¥ ¢«¥¢®, ¯®ª §»¢ ¾²  ¯° ¢«¥¨¥ ¤¢¨¦¥¨¿ £ § ,§ ± ±»¢ ¥¬®£® ¢ ¢¥²¨«¿²®°,   ±²°¥«ª¨,  ¯° ¢«¥»¥¢¯° ¢®, ¯®ª §»¢ ¾²  ¯° ¢«¥¨¥ ¤¢¨¦¥¨¿ £ § , ¢»-¡° ±»¢ ¥¬®£® ¨§ ¢¥²¨«¿²®°  (¤¨±ª¨ ¢° ¹ ¾²±¿ ¯°®-²¨¢ · ±®¢®© ±²°¥«ª¨). �®¤¥«¼»© ¢¥²¨«¿²®°, ¯°¥¤±² ¢«¥»©   °¨±. 1, ±®¤¥°¦¨² ²®«¼ª® ¤¢  ¤¨±ª .� °¥ «¼»µ ¯°®¬»¸«¥»µ ¤¨±ª®¢»µ ¢¥²¨«¿²®° µ ·¨±«® ¤¨±ª®¢   ¢ «³ ¬®¦¥² ±®±² ¢«¿²¼ ¥±ª®«¼ª®¤¥±¿²ª®¢.�¨±ª®¢»¥ ¢¥²¨«¿²®°» ¯°¨¬¥¿¾²±¿ ª ª ¢ ¯°®¬»¸«¥®±²¨, ² ª ¨ ¢ ±¥«¼±ª®¬ µ®§¿©±²¢¥ [3{6]. �¨±-ª®¢»¥ ¬ ¸¨» ®¡« ¤ ¾² ±«¥¤³¾¹¨¬¨ ¤®±²®¨±²¢ ¬¨ [6]: ¯°®±²®²  ª®±²°³ª¶¨¨, ¢»±®ª¨¥  ²¨ª ¢¨² ¶¨-®»¥ µ ° ª²¥°¨±²¨ª¨, ¬ «®¸³¬®±²¼, ³±²®©·¨¢®±²¼ ° ¡®²» ¨ ±² ¡¨«¼®±²¼ ¯®¤ ·¨.� ª ±«¥¤³¥² ¨§ °¨±. 1, ²¥·¥¨¥ £ §  ¢³²°¨ ¤¨±ª®¢®£® ¢¥²¨«¿²®°  ¥ ¬®¦¥² ¡»²¼ ®±¥±¨¬¬¥²°¨·-»¬ ¨§-§   «¨·¨¿ ª  «®¢ ± ¯ ° ««¥«¼»¬¨ ±²¥ª ¬¨. �®½²®¬³ ·¨±«¥®¥ ¬®¤¥«¨°®¢ ¨¥ ²¥·¥¨¿ £ § ¢³²°¨ ° ±±¬ ²°¨¢ ¥¬®£® ¢¥²¨«¿²®°  ¤®«¦® ¡ §¨°®¢ ²¼±¿   ¬ ²¥¬ ²¨·¥±ª®© ¬®¤¥«¨ ²°¥µ¬¥°®£®¥±² ¶¨® °®£® ²¥·¥¨¿. � ±³¹¥±²¢³¾¹¨µ ¤¨±ª®¢»µ ¢¥²¨«¿²®° µ ³£«®¢ ¿ ±ª®°®±²¼ ¢° ¹¥¨¿ ¤¨±ª®¢1�±²¨²³² ²¥®°¥²¨·¥±ª®© ¨ ¯°¨ª« ¤®© ¬¥µ ¨ª¨ ¨¬. �.�. �°¨±²¨ ®¢¨·  �� ���, ³«. �±²¨²³²-±ª ¿, 4/1, 630090, £. �®¢®±¨¡¨°±ª; ¢¥¤.  ³·. ±®²°., e-mail: vorozh@itam.nsc.ruc � ³·®-¨±±«¥¤®¢ ²¥«¼±ª¨© ¢»·¨±«¨²¥«¼»© ¶¥²° ��� ¨¬. �.�. �®¬®®±®¢ 



¢»·¨±«¨²¥«¼»¥ ¬¥²®¤» ¨ ¯°®£° ¬¬¨°®¢ ¨¥. 2009. �. 10 349¥¢¥«¨ª , ®  ¢ °¼¨°³¥²±¿ ®² 20 ¤® 100 ®¡/¬¨. �®½²®¬³ ·¨±«® � µ  ¯®²®ª  £ § , ª ª ¯®ª §»¢ ¾² ¥-±«®¦»¥ ®¶¥ª¨, ¥ ¯°¥¢»¸ ¥² 0.05. � ½²®© ±¢¿§¨ ¤«¿ ·¨±«¥®£® ¬®¤¥«¨°®¢ ¨¿ ²¥·¥¨© £ §  ¢ ¤¨±-ª®¢®¬ ¢¥²¨«¿²®°¥ ¬®¦® ¯°¨¬¥¿²¼ ¬ ²¥¬ ²¨·¥±ª³¾ ¬®¤¥«¼ ¥±¦¨¬ ¥¬®© ¢¿§ª®© ¦¨¤ª®±²¨, ª®²®° ¿¨§¢¥±²  ª ª ±¨±²¥¬  ³° ¢¥¨© � ¢¼¥{�²®ª± . �²  ±¨±²¥¬   ¯¯°®ª±¨¬¨°®¢ « ±¼ ª®¥·®-° §®±²®©±µ¥¬®©, ®¯¨± ®© ¢ [7]. �±«¥¤±²¢¨¥ ²®£® ·²® ¢ ª®±²°³ª¶¨¨ ¤¨±ª®¢®£® ¢¥²¨«¿²®°  ¨¬¥¾²±¿ ²¢¥°¤»¥±²¥ª¨, ¥ ±®¢¯ ¤ ¾¹¨¥ ± ª®®°¤¨ ²»¬¨ «¨¨¿¬¨, ³¤®¡® ¯°¨¬¥¿²¼ ¤«¿ ° ±·¥²  ²¥·¥¨¿ £ §  ¢ ² ª¨µ¢¥²¨«¿²®° µ ¬¥²®¤ ¯®£°³¦¥»µ £° ¨¶, ®¯¨± »© ¢ [8]. �¨±. 2. � ¬ª³²»© ¶¨«¨¤°¨·¥±ª¨©ª®¦³µ ± ®¤¨¬ ¤¨±ª®¬   ¢ «³�«¿ ¢¥°¨´¨ª ¶¨¨ ° §° ¡®² ®© ª®¬¯¼¾²¥°®© ¯°®£° ¬¬»,°¥ «¨§³¾¹¥© ¬¥²®¤ ¯®£°³¦¥»µ £° ¨¶, ¬» ¨±¯®«¼§®¢ «¨ ¤¢ ¨§¢¥±²»µ   «¨²¨·¥±ª¨µ °¥¸¥¨¿. �¤® ¨§ ¨µ | °¥¸¥¨¥ § -¤ ·¨ ® ²¥·¥¨¨ �³½²²  ¬¥¦¤³ ¤¢³¬¿ ±®®±»¬¨ ¶¨«¨¤° ¬¨ [9].�±«¨ ³¢¥«¨·¨²¼ ¢ ¤¨±ª®¢®¬ ¢¥²¨«¿²®°¥ ²®«¹¨³ ª ¦¤®£® ¤¨±ª ² ª, ·²® ¢±¥ ¤¨±ª¨ ±®«¼¾²±¿ ¢ ®¤¨ ¢° ¹ ¾¹¨©±¿ ¶¨«¨¤°, ²® ¯°¨-µ®¤¨¬ ª § ¤ ·¥ �³½²² . � ª ·¥±²¢¥ ¢²®°®£®   «¨²¨·¥±ª®£® ²¥±² ¤«¿ ª®¬¯¼¾²¥°®© ¯°®£° ¬¬» ¡»«® ¢§¿²® ¯°¨¡«¨¦¥®¥   «¨-²¨·¥±ª®¥ °¥¸¥¨¥, ¯®«³·¥®¥ ¢ [10] ¤«¿ ±«³· ¿ ¢° ¹¥¨¿ ®¤®£®¤¨±ª  ¢ § ¬ª³²®¬ ¶¨«¨¤°¨·¥±ª®¬ ª®¦³µ¥. �±®¢»¥ °¥§³«¼-² ²» [10] ¡»«¨ § ²¥¬ ¢®±¯°®¨§¢¥¤¥» ¡¥§ ¨§¬¥¥¨¿ ¢ ª¨£¥ [11]¨ ¢ ¡®«¥¥ ±®ª° ¹¥®¬ ¢¨¤¥ ¢ ª¨£¥ [12]. �  °¨±. 2 ¯®ª §  § ¬ª³²»© ¶¨«¨¤°¨·¥±ª¨© ª®¦³µ ± ¤¨±ª®¬¢³²°¨ ¥£®; · ±²¼ ¯¥°¥¤¥© ¢¥°²¨ª «¼®© ±²¥ª¨ ª®¦³µ  ³¤ «¥ , ·²®¡» ¯®ª § ²¼ ¢³²°¥®±²¼ ª®¦³µ .C®£« ±® [12], ¥±«¨ § §®° ¬¥¦¤³ ¯«®±ª®±²¼¾ ¤¨±ª  ¨ ®±®¢ ¨¥¬ ª®¦³µ  ¬¥¼¸¥, ·¥¬ ±³¬¬  ²®«¹¨¯®£° ¨·»µ ±«®¥¢, ¢®§¨ª ¾¹¨µ   ¤¨±ª¥ ¨ ®±®¢ ¨¨ ª®¦³µ , ²® ¯®«³· ¥²±¿ ¤¢¨¦¥¨¥,   «®£¨·®¥²®¬³, ª®²®°®¥ ¨¬¥¥² ¬¥±²® ¯®¤ ®¡¨«¼® ±¬ § ®© ¯¿²�®© ¨ ®¯¨±»¢ ¥²±¿ ¢ £¨¤°®¤¨ ¬¨·¥±ª®© ²¥®°¨¨²°¥¨¿. �®«¥¥ ±«®¦»¬ ¿¢«¿¥²±¿ ±«³· ©, ª®£¤    ° ±±¬ ²°¨¢ ¥¬»µ ¯®¢¥°µ®±²¿µ ®¡° §³¾²±¿ ¯®£° -¨·»¥ ±«®¨, ¥ ¯¥°¥ª°»¢ ¾¹¨¥ ¤°³£ ¤°³£  ¨ ¢§ ¨¬®¤¥©±²¢³¾¹¨¥ ¬¥¦¤³ ±®¡®© ·¥°¥§ ° §¤¥«¿¾¹³¾ ¨µ®¡« ±²¼ \¢¥¸¥£®" ¯®²®ª . �²®² ±«³· © ¨ ¡»« ° ±±¬®²°¥ ¢¯¥°¢»¥ ¢ [10].�¥ «¨§ ¶¨¿ ²®·®£® °¥¸¥¨¿ [10]   ª®¬¯¼¾²¥°¥ ¯®ª § « , ·²® ¯°¨¢®¤¨¬ ¿ ¢ [10{12] ´®°¬³«  ¤«¿²®«¹¨» ¯®£° ¨·®£® ±«®¿ �0(r)   ¥¯®¤¢¨¦®¬ ®±®¢ ¨¨ ª®¦³µ  ¤ ¥² ®²°¨¶ ²¥«¼»¥ § ·¥¨¿ �0(r)¢¡«¨§¨ ¢ «  °®²®° . �¥«¼¾  ±²®¿¹¥© ±² ²¼¨ ¿¢«¿¥²±¿ ³±²° ¥¨¥ ½²®£® ¥¤®±² ²ª  °¥¸¥¨¿ [10] ¨ ¯®-«³·¥¨¥ °¿¤  ®¢»µ ¯°¨¡«¨¦¥»µ   «¨²¨·¥±ª¨µ °¥¸¥¨© § ¤ ·¨ ® ²¥·¥¨¨ ¢¿§ª®£® £ §  ¢ ª®¦³µ¥ ±¢° ¹ ¾¹¨¬±¿ ¤¨±ª®¬ ¤«¿ ±«³· ¿, ª®£¤  ¯®£° ¨·»¥ ±«®¨   ¤¨±ª¥ ¨ ®±®¢ ¨¨ ª®¦³µ  ¥ ¯¥°¥ª°»¢ ¾²¤°³£ ¤°³£ .2. �±®¢»¥ ³° ¢¥¨¿ ¨ ª®¥·®-° §®±²»© ¬¥²®¤. �° ¢¥¨¿ � ¢¼¥{�²®ª± , ®¯¨±»¢ ¾-¹¨¥ ¥±² ¶¨® °»¥ ²°¥µ¬¥°»¥ « ¬¨ °»¥ ²¥·¥¨¿ ¢¿§ª®© ¥±¦¨¬ ¥¬®© ¦¨¤ª®±²¨ ¢ ¶¨«¨¤°¨·¥±ª¨µª®®°¤¨ ² µ �; r; z, £¤¥ � |  §¨¬³² «¼ ¿ ª®®°¤¨ ² , r | ¯®«¿°»© ° ¤¨³±,   ®±¼ z  ¯° ¢«¥  ¢¤®«¼®±¨,   ª®²®°®© § ª°¥¯«¥» ¤¨±ª¨, ¬®¦® § ¯¨± ²¼ ¢ ¢¨¤¥ [7]8>>>>>><>>>>>>: @v�@t =H1 � 1�r @p@� + �A1� +A1r +A1z�v�;@qr@t =H2 � r� @p@r + �A2� +A2r +A2z�qr;@vz@t =H3 � 1� @p@z + �A3� + A3r +A3z�vz ; (1)@qr@r + @v�@� + r @vz@z = 0; (2)H1=� 1r2 @rv�qr@r � 1r @v2�@� � @v�vz@z + 2�r3 @qr@� ; H2=� @@r�q2rr �� @@��v�qrr �� @qrvz@z + v2� + 2�r @v�@� ;H3 =�1r @qrvz@r � @v2z@z ; A1�v� = ���v�r2 + 1r2 @2v�@�2 �; A1rv� = �"1r� @@r r @v�@r �� v�r2#;A1zv� = � @2v�@z2 ; A2�qr = �r2 @2qr@�2 � @@��v�qrr �; A2rqr = �r @@r�1r @qr@r �; A2zqr = � @2qr@z2 ;A3�vz = �r2 @2vz@�2 � 1r @v�vz@� ; A3rvz = �r @@r�r @vz@r �; A3zvz = � @2vz@z2 :



350 ¢»·¨±«¨²¥«¼»¥ ¬¥²®¤» ¨ ¯°®£° ¬¬¨°®¢ ¨¥. 2009. �. 10�° ¢¥¨¿ (1) | ½²® ³° ¢¥¨¿ ª®«¨·¥±²¢  ¤¢¨¦¥¨¿,   (2) | ³° ¢¥¨¥ ¥° §°»¢®±²¨. � (1), (2)v�, vr ¨ vz | ±®±² ¢«¿¾¹¨¥ ¢¥ª²®°  ±ª®°®±²¨ £ §  ¢¤®«¼ ®±¥© �, r, z ±®®²¢¥²±²¢¥®, ¯°¨·¥¬ ¢¬¥±²® vr¨±¯®«¼§®¢   § ¢¨±¨¬ ¿ ¯¥°¥¬¥ ¿ qr = r vr ± ¶¥«¼¾ ®¡«¥£·¨²¼ °¥¸¥¨¥ ¯°®¡«¥¬»  ¯¯°®ª±¨¬ ¶¨¨ ³° ¢-¥¨© � ¢¼¥{�²®ª±  ¢ ²®·ª¥ r = 0; p | ¤ ¢«¥¨¥; � = const > 0 | ¯«®²®±²¼ £ §  ¨«¨ ¦¨¤ª®±²¨; � = �=�,£¤¥ � = const > 0 | ª®½´´¨¶¨¥² ¤¨ ¬¨·¥±ª®© ¢¿§ª®±²¨ £ § .�°¨¢¥¤¥¬ £° ¨·»¥ ³±«®¢¨¿ ¤«¿ ±¨±²¥¬» ³° ¢¥¨© (1), (2).1�. �° ¨·»¥ ³±«®¢¨¿   £®°¨§®² «¼»µ ¯®¢¥°µ®±²¿µ ¢° ¹ ¾¹¥£®±¿ ¤¨±ª : vr = 0, v� = !r, vz = 0,@p=@z = 0, £¤¥ ! | § ¤  ¿ ¯®±²®¿ ¿ ³£«®¢ ¿ ±ª®°®±²¼ ¢° ¹¥¨¿ ¤¨±ª .2�. �° ¨·»¥ ³±«®¢¨¿   ¥¯®¤¢¨¦»µ ²®°¶ µ ¶¨«¨¤°¨·¥±ª®£® ª®¦³µ : vr = 0, v� = 0, vz = 0,@p=@z = 0.3�. �° ¨·»¥ ³±«®¢¨¿   ¢ «³ ¨   ²®°¶¥ ¢° ¹ ¾¹¥£®±¿ ¤¨±ª : vr = 0, v� = !r, vz = 0, @p=@r = �!2r.� ª¨¬ ®¡° §®¬, £° ¨·»¥ ³±«®¢¨¿   ²¢¥°¤»µ ±²¥ª µ ¤«¿ ±®±² ¢«¿¾¹¨µ ±ª®°®±²¨ ¿¢«¿¾²±¿ ³±«®¢¨¿¬¨¯°¨«¨¯ ¨¿.�°¥¤¢ °¨²¥«¼®¥ ¯®«¥ ±ª®°®±²¥© ° ±±·¨²»¢ «®±¼ ¯® ®¤®±² ¤¨©®© ° §®±²®© ±µ¥¬¥ ¨§ [13]. �° ²ª®®¯¨¸¥¬ ½²³ ±µ¥¬³. �³±²¼ q1 � v�, q2 � qr ¨ q3 = vz. �®£¤  ±µ¥¬  ¨§ [13] ¯°¨¬¥¨²¥«¼® ª ±¨±²¥¬¥ (1)¨¬¥¥² ¢¨¤ bqi � qni�n = 3Hni �Hn�1i2 � Gipn + �Ai�h +Airh + Aizh��bqi + qni �2 ; (3)£¤¥ i = 1; 2; 3; �n | ¢°¥¬¥®© ¸ £; n | ®¬¥° ¢°¥¬¥�®£® ±«®¿, n = 0; 1; 2; : : :; Ai�h; Airh; Aizh |  ¯¯°®ª-±¨¬ ¶¨¨ ®¯¥° ²®°®¢Ai�, Air, Aiz ± ¯®¬®¹¼¾ ¶¥²° «¼»µ ° §®±²¥©   ¥° ¢®¬¥°®© ¯°®±²° ±²¢¥®©±¥²ª¥ ±®®²¢¥²±²¢¥®;Gipn | ° §®±² ¿  ¯¯°®ª±¨¬ ¶¨¿ ·«¥  ¤ ¢«¥¨¿ ¢ i-¬ ³° ¢¥¨¨. �¥¯®±°¥¤±²¢¥-®¥ °¥¸¥¨¥ ±¨±²¥¬»  «£¥¡° ¨·¥±ª¨µ ³° ¢¥¨© (3) ¢¥±¼¬  ²°³¤®¥¬ª®, ¯®½²®¬³ ¢ [7, 8, 13] ¢¬¥±²® (3)¯°¨¬¥¿« ±¼ ±µ¥¬  ¯°¨¡«¨¦¥®© ´ ª²®°¨§ ¶¨¨�I � �n2 Ai�h��I � �n2 Airh��I � �n2 Aizh��bqi = �n�3Hni �Hn�1i2 �Gipn + �Ai�h + Airh +Aizh�qni �; (4)£¤¥ I | ¥¤¨¨·»© ®¯¥° ²®°, �bqi = bqi � qni ¨ � = 0;5�n. �®£« ±® [13], ±µ¥¬  (4) ¨¬¥¥² ¢²®°®© ¯®°¿¤®ª²®·®±²¨ ¯® ¯°®±²° ±²¢¥»¬ ¯¥°¥¬¥»¬ ¨ ¯® ¢°¥¬¥¨.�²®¡» ®¡¥±¯¥·¨²¼ ±®µ° ¥¨¥ ¬ ±±»,   ¢²®°®¬ ¤°®¡®¬ ¸ £¥ ¯®«¥ ¯°®¬¥¦³²®·»µ ±ª®°®±²¥© ª®°-°¥ª²¨°³¥²±¿ ¯® ´®°¬³«¥ qn+1i � bqi�n = �Gi'n+1; (5)£¤¥ ¯®¯° ¢ª  ¤ ¢«¥¨¿ 'n+1 ¢»·¨±«¿¥²±¿ ² ª, ·²®¡» ¯®«³·¨²¼ ¡¥§¤¨¢¥°£¥²®¥ ¯®«¥ ±ª®°®±²¥©  (n + 1)-¬ ¢°¥¬¥�®¬ ¸ £¥. �«¿ ½²®£® ¢®§¤¥©±²¢³¥¬   ®¡¥ · ±²¨ ³° ¢¥¨¿ (5) ®¯¥° ²®°®¬ ¤¨¢¥°£¥-¶¨¨ rhqn+1i �rhbqi�n = �rhGi'n+1; (6)£¤¥ ° §®±²»© ®¯¥° ²®° rh | ½²® ° §®±² ¿  ¯¯°®ª±¨¬ ¶¨¿ ®¯¥° ²®°  ¤¨¢¥°£¥¶¨¨ ¢ «¥¢®© · -±²¨ (2): rq = @q1@� + @q2@r + r @q3@z ;   Lh = rhGi' | ° §®±² ¿  ¯¯°®ª±¨¬ ¶¨¿ ½««¨¯²¨·¥±ª®£® ®¯¥° ²®° rGi' = @@��1r @'@� � + @@r�r @'@r � + r @2'@z2 : � ³·¥²®¬ ²°¥¡®¢ ¨¿ rhqn+1i = 0, ³° ¢¥¨¥ (6) | ³° ¢-¥¨¥ �³ ±±®  ¤«¿ 'n+1. � ©¤¿ 'n+1 ¨§ °¥¸¥¨¿ ³° ¢¥¨¿ �³ ±±®  (6), ¢»·¨±«¿¥¬ ¤ ¢«¥¨¥ pn+1 ¯®±«¥¤³¾¹¥© ´®°¬³«¥ [7, 8]: pn+1 = pn+'n+1� �n2 �Lh'n+1. �¥¸¥¨¥ ±¨±²¥¬» ³° ¢¥¨© (4)  µ®¤¨«®±¼ ± ¯®-¬®¹¼¾ ²°¥µ ±ª «¿°»µ ¯°®£®®ª. �° ¢¥¨¥ �³ ±±®  (6) °¥¸ «®±¼ ± ¯®¬®¹¼¾ ±¯¥ª²° «¼®-° §®±²®£®¬¥²®¤ , ®¯¨± ®£® ¢ [14]. �®±ª®«¼ª³ °¥¸¥¨¥ 2�-¯¥°¨®¤¨·¥±ª®¥ ¯® ¯¥°¥¬¥®© �, ± · «  ®±³¹¥±²¢«¿-«®±¼ ¤¨±ª°¥²®¥ ¯°¥®¡° §®¢ ¨¥ �³°¼¥ ° §®±²®£® ³° ¢¥¨¿ (6) ¯® �. �®«³·¥ ¿ ±¨±²¥¬  «¨¥©»µ «£¥¡° ¨·¥±ª¨µ ³° ¢¥¨© ¤«¿ ª®¬¯«¥ª±»µ ª®½´´¨¶¨¥²®¢ ¤¨±ª°¥²®£® ¯°¥®¡° §®¢ ¨¿ �³°¼¥ § ²¥¬°¥¸ « ±¼ ¬¥²®¤®¬ ¬ ²°¨·®© ¯°®£®ª¨ [15]. �°¿¬®¥ ¨ ®¡° ²®¥ ¤¨±ª°¥²®¥ ¯°¥®¡° §®¢ ¨¥ �³°¼¥ ®±³-¹¥±²¢«¿«®±¼ ± ¯®¬®¹¼¾  «£®°¨²¬®¢ ¡»±²°®£® ¤¨±ª°¥²®£® ¯°¥®¡° §®¢ ¨¿ �³°¼¥, ®¯¨± »µ ¢ [16].



¢»·¨±«¨²¥«¼»¥ ¬¥²®¤» ¨ ¯°®£° ¬¬¨°®¢ ¨¥. 2009. �. 10 351�°¨ ±·¥²¥ ±² ¶¨® °»µ § ¤ · ¬¥²®¤®¬ ³±² ®¢«¥¨¿ ¯® ¢»¸¥®¯¨± ®¬³ ª®¥·®-° §®±²®¬³ ¬¥-²®¤³ ¯°¨¬¥¿«±¿ ±«¥¤³¾¹¨© ª°¨²¥°¨© ±µ®¤¨¬®±²¨:maxj;k;l � 1�n max16i63 ��qn+1i;j;k;l � qni;j;k;l��� < "; (7)£¤¥ j; k; l | ¨¤¥ª±» ¿·¥©ª¨ ¯°®±²° ±²¢¥®© ±¥²ª¨ ¨ " | § ¤ ®¥ ¬ «®¥ ¯®«®¦¨²¥«¼®¥ ·¨±«®.
25 50 75 100 125 150

0.2

0.4

0.6

0.8

1

t

E*�¨±. 3. �¥§° §¬¥° ¿ ª¨¥²¨·¥±ª ¿ ½¥°£¨¿ £ § E� = E�(t�)
3. �¥·¥¨¥ �³½²² . �¨±«¥»¥ ° ±·¥²» ½²®©§ ¤ ·¨ ¡»«¨ ¯°®¢¥¤¥» c ¶¥«¼¾ ¢¥°¨´¨ª ¶¨¨ ª®¥-·®-° §®±²®£® ¬¥²®¤ , ®¯¨± ®£® ¢ ° §¤¥«¥ 2, ¤«¿±«³· ¿, ª®£¤  ¢³²°¥¨© ¶¨«¨¤° ¢° ¹ ¥²±¿,   ¢¥¸-¨© ¯®ª®¨²±¿. �¥·¥¨¥ �³½²² , ª ª ¨§¢¥±²®, ¿¢«¿¥²±¿±² ¶¨® °»¬, ².¥. ¥ § ¢¨±¿¹¨¬ ®² ¢°¥¬¥¨ t. �°®¬¥²®£®, ° ±±¬ ²°¨¢ ¥¬®¥ ²¥·¥¨¥ ¿¢«¿¥²±¿ ®±¥±¨¬¬¥-²°¨·»¬, ².¥. ¥ § ¢¨±¨² ®² ¯¥°¥¬¥®© �. �¨±«¥»©° ±·¥² ¯® ª®¥·®-° §®±²®-±¯¥ª²° «¼®¬³ ¬¥²®¤³,®¯¨± ®¬³ ¢ ° §¤¥«¥ 2, ¯°®¢®¤¨«±¿ ¬¥²®¤®¬ ³±² -®¢«¥¨¿. � ±·¥² ¿ ±¥²ª  ¢ ¯°®¬¥¦³²ª¥ �R2; R3�,£¤¥ R2 ¨ R3 | ° §¬¥°»¥ ° ¤¨³±» ¢³²°¥¥£® ¨¢¥¸¥£® ¶¨«¨¤°®¢ ±®®²¢¥²±²¢¥®, ¡»«  ¥° ¢®-¬¥°®© ¨ ±£³¹ « ±¼ ³ ±²¥®ª ¶¨«¨¤°®¢ ± ¯°¨¬¥¥-¨¥¬ ´³ª¶¨¨ th. �¤®«¼ ®±¥© � ¨ z ±¥²ª  ¡»«  ° ¢®¬¥°®©. �¥§³«¼² ²» ° ±·¥²®¢, ¯°¨¢¥¤¥»¥   °¨±. 3¨ 4, ¡»«¨ ¯®«³·¥»   ±¥²ª¥ ¨§ 65, 30 ¨ 13 ³§«®¢ ¢¤®«¼ ®±¥© �, r, z ±®®²¢¥²±²¢¥®. �£«®¢ ¿ ±ª®°®±²¼¢° ¹¥¨¿ ¢³²°¥¥£® ¶¨«¨¤°  ! = 10 ®¡®°®²®¢ ¢ ¬¨³²³, ·¨±«® �¥©®«¼¤±  Re = 121:71, R2 = 0:04 ¬,R3 = 0:10 ¬ ¨ H = 0:03 ¬.
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pa) ¡)�¨±. 4. �°®´¨«¨ ° §®±²®£® °¥¸¥¨¿ (¯³ª²¨°»¥ «¨¨¨) ¨ ²®·®£®°¥¸¥¨¿ (±¯«®¸»¥ «¨¨¨):  ) ¡¥§° §¬¥° ¿  §¨¬³² «¼ ¿±ª®°®±²¼ v�� ; ¡) ¡¥§° §¬¥°®¥ ¤ ¢«¥¨¥ p�
� (7) ¨±¯®«¼§®¢ «®±¼ § ·¥-¨¥ " = 10�4. �°¨ ½²®¬ " ¯®- ¤®¡¨«®±¼ 1536 ¸ £®¢ ¯® t ¤«¿®¡¥±¯¥·¥¨¿ ¢»¯®«¥¨¿ ¥° -¢¥±²¢  (7). � ¶¥«¼¾ ¤®¯®«¨-²¥«¼®© ¯°®¢¥°ª¨ ²®·®±²¨ ¯®-«³·¥®£® ±² ¶¨® °®£® ° §-®±²®£® °¥¸¥¨¿ ² ª¦¥ ¢»·¨-±«¿« ±¼ ¢¥«¨·¨  E�(tn) | ¡¥§-° §¬¥° ¿ ª¨¥²¨·¥±ª ¿ ½¥°-£¨¿ £ § ,  µ®¤¿¹¥£®±¿ ¢ ¯°®-¬¥¦³²ª¥ ¬¥¦¤³ ¶¨«¨¤° ¬¨,tn | § ·¥¨¥ ¢°¥¬¥¨   n-¬¢°¥¬¥�®¬ ±«®¥. �®·®¥ § ·¥-¨¥ E�th ª¨¥²¨·¥±ª®© ½¥°£¨¨ ¡»«®  ©¤¥® ± ¯°¨¬¥¥¨¥¬ ²®·®£® °¥¸¥¨¿ § ¤ ·¨ �³½²²  [9]:E�th = 12 H�Z0 " R�3Z1 � 2�Z0 �v�2� + v�2r + v�2z �d��r dr#dz == 12 H�Z0 " R�3Z1 � 2�Z0 v�2� r dr�d�#dz = 4R� 23 � 1� 3R� 43 + 4R�43 ln (R�3)4(R� 23 � 1)2 �H�: (8)�¤¥±¼ H� = HR2 , R�3 = R3R2 ¨ H� | ¡¥§° §¬¥° ¿ ¢»±®²  ¶¨«¨¤°®¢. �  °¨±. 3 ¯®ª §  ¯³ª²¨°®© «¨-¨¥© £° ´¨ª ª¨¥²¨·¥±ª®© ½¥°£¨¨, ¯®«³·¥®© ¯® ª®¥·®-° §®±²®¬³ ¬¥²®¤³, ®¯¨± ®¬³ ¢ ° §¤¥«¥ 2.�²°¨µ®¢ ¿ «¨¨¿ | ²®·®¥ ±² ¶¨® °®¥ § ·¥¨¥ E�th ¢ ±®®²¢¥²±²¢¨¨ ± ¯° ¢®© · ±²¼¾ ° ¢¥±²¢  (8).�  °¨±. 4 ¯®ª § » ¯°®´¨«¨ ° §®±²®£® °¥¸¥¨¿ ¤«¿ v�� ¨ p�, ¨§ ª®²®°»µ ¢¨¤®, ·²® °¥ «¨§®¢ »© ¢�®°²° -¯°®£° ¬¬¥ ª®¥·®-° §®±²»© ¬¥²®¤, ®¯¨± »© ¢ ° §¤¥«¥ 2, ¯®§¢®«¿¥² ®¡¥±¯¥·¨¢ ²¼ ¢»±®ª³¾²®·®±²¼ °¥§³«¼² ²®¢ ¨   ±° ¢¨²¥«¼® £°³¡®© ±¥²ª¥ ¨§ 65� 30� 13 ³§«®¢.4. �®£° ¨·»© ±«®©   ¨¦¥¬ ®±®¢ ¨¨ ª®¦³µ . � [10] ¡»«® ¯®«³·¥® ¯°¨¡«¨¦¥®¥   -«¨²¨·¥±ª®¥ °¥¸¥¨¥ § ¤ ·¨ ® ±² ¶¨® °®¬ ²¥·¥¨¨ £ §  ¨«¨ ¦¨¤ª®±²¨ ¢ § ¬ª³²®¬ ¶¨«¨¤°¨·¥±ª®¬



352 ¢»·¨±«¨²¥«¼»¥ ¬¥²®¤» ¨ ¯°®£° ¬¬¨°®¢ ¨¥. 2009. �. 10ª®¦³µ¥, ª®²®°®¥ ¨¤³¶¨°®¢ ® ¢° ¹¥¨¥¬ ¤¨±ª  ¢³²°¨ ª®¦³µ . �«¥¤³¿ [10], ¡³¤¥¬ ¯°¥¤¯®« £ ²¼, ·²®²¥·¥¨¥ £ §  ¢³²°¨ ¶¨«¨¤°¨·¥±ª®£® ª®¦³µ  ±² ¶¨® °®¥ ¨ ®±¥±¨¬¬¥²°¨·®¥. �§ ¯®±«¥¤¥£® ¯°¥¤¯®-«®¦¥¨¿ ±«¥¤³¥², ·²® ¯°®¨§¢®¤»¥ ®² ª®¬¯®¥² °¥¸¥¨¿ ¯®  §¨¬³² «¼®© ª®®°¤¨ ²¥ � ° ¢» ³«¾.�®½²®¬³ ³° ¢¥¨¿ � ¢¼¥{�²®ª±  (1), (2) ¢ ° ±±¬ ²°¨¢ ¥¬®¬ ±«³· ¥ ¯°¨¨¬ ¾² ¢¨¤u @u@r � v2r + w @u@z = �1� @p@r + �"@2u@r2 + @@r�ur�+ @2u@z2 #; (9)u @v@r + uvr + w @v@z = �"@2v@r2 + @@r�vr�+ @2v@z2 #; (10)u @w@r +w @w@z = �1� @p@z + ��@2w@r2 + 1r @w@r + @2w@z2 �; (11)@u@r + ur + @w@z = 0; (12)£¤¥ u � vr , v � v�, w � vz. �«¥¤³¿ [10{12], ¯®«³·¨¬ ²¥¯¥°¼ ¨§ ³° ¢¥¨© (9){(12) ¥±ª®«¼ª® ¯®«¥§»µ¨²¥£° «¼»µ ±®®²®¸¥¨©. �¥°¥¯¨¸¥¬ «¥¢³¾ · ±²¼ ³° ¢¥¨¿ (9) ¢ ¢¨¤¥u @u@r � v2r + @(uw)@z � u @w@z : (13)�¬®¦¨¬ ®¡¥ · ±²¨ ³° ¢¥¨¿ ¥° §°»¢®±²¨ (12)   u: u @u@r + u2r + u @w@z = 0; ®²ª³¤ u @w@z = �u @u@r � u2r : (14)� ¬¥¿¿ ·«¥ u @w@z ¢ (13) ¯® ´®°¬³«¥ (14), ¯®«³· ¥¬ ° ¢¥±²¢®u @u@r � v2r + @(uw)@z � u @w@z = @(u2)@r + u2r � v2r + @(uw)@z : (15)�¡®§ ·¨¬ ·¥°¥§ �0(r) ²®«¹¨³ ¯®£° ¨·®£® ±«®¿   ¥¯®¤¢¨¦®¬ ®±®¢ ¨¨ ª®¦³µ . � ¬¥¨¬ «¥¢³¾· ±²¼ ³° ¢¥¨¿ (9)   ¯° ¢³¾ · ±²¼ ° ¢¥±²¢  (15), ³¬®¦¨¬ ®¡¥ · ±²¨ ¯®«³·¥®£® ³° ¢¥¨¿   r dz¨ ¯°®¨²¥£°¨°³¥¬ ¯® z ®² ³«¿ ¤® �0(r). �·²¥¬, ·²®�0(r)Z0 r @@r (u2) dz = �0Z0 @@r (ru2) dz � �0Z0 u2 dz: (16)� «¥¥ ¯°¥¤¯®« £ ¥¬, ±«¥¤³¿ [10], ·²®   ¢¥¸¥© £° ¨¶¥ ¯®£° ¨·®£® ±«®¿ z = �0(r) ¥² ° ¤¨ «¼®£®¤¢¨¦¥¨¿, ².¥. u = 0 ¯°¨ z = �0. �°®¬¥ ²®£®, ¢ ±¨«³ ³±«®¢¨¿ ¯°¨«¨¯ ¨¿   ¥¯®¤¢¨¦®¬ ®±®¢ ¨¨ª®¦³µ  ¨¬¥¥¬, ·²® u = 0, w = 0 ¯°¨ z = 0. � ³·¥²®¬ ½²¨µ ³±«®¢¨© ¨ ° ¢¥±²¢  (16) ¯®«³· ¥¬ ¨§ (9)¯¥°¢®¥ ¨²¥£° «¼®¥ ±®®²®¸¥¨¥ddr r �0Z0 u2 dz!� �0Z0 v2 dz = ��r�@u@z�z=0 � r� �0Z0 @p@r dz: (17)�¥¯¥°¼ ¯¥°¥¯¨¸¥¬ «¥¢³¾ · ±²¼ ³° ¢¥¨¿ (10) ± ³·¥²®¬ (12) ¢ ¢¨¤¥ � @@r (uv) + @@z (vw) + 2 uvr � ¨,³¬®¦¨¢ ®¡¥ · ±²¨ (10)   r2 dz, ¯°®¨²¥£°¨°³¥¬ ¯® z ®² ³«¿ ¤® �0(r). �±¯®«¼§³¿ (12) ¨ ¨²¥£°¨°³¿ ¯®· ±²¿¬, ¯®«³·¨¬ ¢²®°®¥ ¨²¥£° «¼®¥ ±®®²®¸¥¨¥ddr r2 �0(r)Z0 uv dz!� e!r2 ddr r �0Z0 u dz! = ��r2�@v@z�z=0: (18)



¢»·¨±«¨²¥«¼»¥ ¬¥²®¤» ¨ ¯°®£° ¬¬¨°®¢ ¨¥. 2009. �. 10 353�¤¥±¼ ¬» ¢®±¯®«¼§®¢ «¨±¼ £° ¨·»¬ ³±«®¢¨¥¬   £° ¨¶¥ z = �0(r) ¯®£° ¨·®£® ±«®¿: v(r; z) = e!r, £¤¥e! | ¯®±²®¿ ¿ ³£«®¢ ¿ ±ª®°®±²¼ ¢° ¹¥¨¿ ¢¥¸¥£® ¯®²®ª  ¢ § §®°¥ ¬¥¦¤³ ¯®£° ¨·»¬¨ ±«®¿¬¨ ª ªª¢ §¨²¢¥°¤®£® ²¥«  [10{12]; ½²  ¢¥«¨·¨  ¨¦¥ ®¯°¥¤¥«¿¥²±¿ ¨§ ³±«®¢¨¿ ° ¢¥±²¢  ¬®¬¥²®¢ ±¨« ¢¿§ª®£®²°¥¨¿ ¦¨¤ª®±²¨   ¯®¢¥°µ®±²¨ ¤¨±ª , ²®°¶ µ ª®¦³µ  ¨ ¡®ª®¢®© ±²¥ª¥ ª®¦³µ .�°¨¡«¨¦¥»¥ ¯°®´¨«¨ ±ª®°®±²¨ § ¤ ¢ «¨±¼ ¢ [10] ¢ ¢¨¤¥u = �u0(r)"1� �2 z�0(r) � 1�2#; v = re!"1� �1� z�0(r)�2#; (19)£¤¥ u0(r) | ¯®ª  ¥¨§¢¥±² ¿ ¬ ª±¨¬ «¼ ¿ ° ¤¨ «¼ ¿ ±ª®°®±²¼ ¢³²°¨ ¯®£° ¨·®£® ±«®¿,   § ª¬¨³± ¯°¨ ¥© ¢§¿² ¯®²®¬³, ·²®   ®±®¢ ¨¨ ª®¦³µ  ° ¤¨ «¼ ¿ ±®±² ¢«¿¾¹ ¿ ±ª®°®±²¨  ¯° ¢«¥  ®²¯¥°¨´¥°¨¨ ª ®±¨.�®¤±² ¢¨¬ ¯°¥¤±² ¢«¥¨¿ (19) ¤«¿ u ¨ v ¢ ¨²¥£° «», ¢µ®¤¿¹¨¥ ¢ «¥¢»¥ · ±²¨ ³° ¢¥¨© (17) ¨ (18).�±¥ ¨¦¥±«¥¤³¾¹¨¥   «¨²¨·¥±ª¨¥ ¢»ª« ¤ª¨ ¡»«¨ °¥ «¨§®¢ » ¢ ¯°®£° ¬¬¥,  ¯¨± ®©   ¿§»ª¥ ±¨-±²¥¬» Mathematica [17]. �¬¥¾¹¨µ±¿ ¢ ½²®© ±¨±²¥¬¥ ° §®®¡° §»µ ¢±²°®¥»µ ´³ª¶¨© ¤«¿   «¨²¨-·¥±ª¨µ ¨ ·¨±«¥»µ ¢»·¨±«¥¨© ®ª § «®±¼ ¤®±² ²®·® ¤«¿ °¥ «¨§ ¶¨¨ ¢±¥µ ¥®¡µ®¤¨¬»µ   «¨²¨·¥±ª¨µ¢»ª« ¤®ª ¨ ·¨±«¥»µ ° ±·¥²®¢. � ¯°¨¬¥°, ¢±¥ ®¯°¥¤¥«¥»¥ ¨²¥£° «», ¢µ®¤¿¹¨¥ ¢ ¡ « ±®¢»¥ ±®®²-®¸¥¨¿ (17) ¨ (18), ¡»«¨ ¢»·¨±«¥» ± ¯®¬®¹¼¾ ¢±²°®¥®© Mathematica-´³ª¶¨¨ Integrate[...].�«¿ @p@r ¨§ ³° ¢¥¨¿ (9) ¯®«³· ¥¬ ¢® ¢¥¸¥¬ ¯®²®ª¥ ° ¢¥±²¢®@p@r = �v2r : (20)� ¤°³£®© ±²®°®», ¢® ¢¥¸¥¬ ¯®²®ª¥ ±¯° ¢¥¤«¨¢  ´®°¬³«  v(r; z) = e!r, ¯®½²®¬³ ¨§ (20) ¯®«³· ¥¬:@p@r = �e! 2r. �²  ¯°®¨§¢®¤ ¿ ¨ ¨²¥£° « ®² ¥¥ ¢µ®¤¿² ¢ ³° ¢¥¨¥ (17). �«¥¤³¿ [10{12], ¢¢¥¤¥¬ ´³ª¶¨¾�(r) ¯® ´®°¬³«¥ �(r) = u0(r)�0(r). � ³·¥²®¬ ²®£®, ·²® ¢¥«¨·¨  �0, ¢µ®¤¿¹ ¿ ¢ ¨²¥£° «» ¡ « ±®¢»µ±®®²®¸¥¨©, § ¢¨±¨² ®² r, ¯®«³· ¥¬ ¯¥°¢®¥ ®¡»ª®¢¥®¥ ¤¨´´¥°¥¶¨ «¼®¥ ³° ¢¥¨¥715 �0r2e! 2 � 4ru0��20 + 8�2(r)15�0(r) � 8r�2(r)�00(r)15�20(r) + 16r�(r)�0(r)15�0(r) = 0: (21)�±«¨ ®¡¥ · ±²¨ ½²®£® ³° ¢¥¨¿ ³¬®¦¨²¼   15/8, ²® ¯®«³·¨²±¿ ³° ¢¥¨¥, ±®¢¯ ¤ ¾¹¥¥ ± ¯¥°¢»¬³° ¢¥¨¥¬ ±¨±²¥¬» (11) ¨§ [10]. � (21) ¸²°¨µ ¯°¨ �0(r) ¨ �(r) ®§ · ¥² ¤¨´´¥°¥¶¨°®¢ ¨¥ ¯® r.�»·¨±«¥¨¥ ¢²®°®£® ®¡»ª®¢¥®£® ¤¨´´¥°¥¶¨ «¼®£® ³° ¢¥¨¿ ¨§ (18) ¡»«® ¢»¯®«¥® ¢ ±¨±²¥¬¥Mathematica   «®£¨·®, ¨ ¯®«³·¨«®±¼ ³° ¢¥¨¥30r� � 11�0(r)�(r) + 3r�0(r)�0(r) = 0: (22)� ±®¦ «¥¨¾, ¯®«³·¥³¾ ±¨±²¥¬³ ¨§ ¤¢³µ ¥«¨¥©»µ ³° ¢¥¨© (21) ¨ (22) ¥ ³¤ ¥²±¿ °¥¸¨²¼ ¢§ ¬ª³²®¬   «¨²¨·¥±ª®¬ ¢¨¤¥. � ½²®© ±¢¿§¨ ¬» ¯°¨¬¥¿¥¬ ¨¦¥ ¤«¿ °¥¸¥¨¿ ½²®© ±¨±²¥¬» ¯°¨¡«¨-¦¥³¾ ¯°®¶¥¤³°³, ®¯¨± ³¾ ¢ [10]. �«¥¤³¿ [10], ¢¢¥¤¥¬ ®¢³¾ ¥§ ¢¨±¨¬³¾ ¯¥°¥¬¥³¾ x = 1 � rb ,£¤¥ b | ° ¤¨³± ª®¦³µ . �³±²¼ �(x) = �(b � bx) ¨ �0(x) = �0(b � bx). �¥¯¥°¼ ¢»¢¥¤¥¬ «¥¢»¥ · ±²¨ ¤¢³µ³° ¢¥¨© ¤«¿ �(x) ¨ �0(x), ¯°¨¬¥¿¿ ±®®²®¸¥¨¿ d�(r)dr = d�(x)dx dxdr = �1b d�(x)dx , d�0(r)dr = �1b d�0(x)dx :� °¥§³«¼² ²¥ ¨§ (21) ¨ (22) ¡»«¨ ¯®«³·¥» ³° ¢¥¨¿7b2e! 2(1 � x)2�30(x) + 8�2(x)�0(x)�16(1� x)�(x)�0(x)�0(x)��60b(1� x)��(x) + 8(1� x)�2(x)�00(x) = 0;30b(1� x)� � 11�(x)�0(x)� 3(1� x)�0(x)�0(x) = 0: (23)�¤¥±¼ ¨ ¨¦¥ ·¥°²®·ª¨  ¤ �(x) ¨ �0(x) ®¯³¹¥» ¤«¿ ª° ²ª®±²¨ ®¡®§ ·¥¨©.�«¥¤³¿ [10], ²¥¯¥°¼ ¨¹¥¬ ¯°¨¡«¨¦¥®¥   «¨²¨·¥±ª®¥ °¥¸¥¨¥ ±¨±²¥¬» (23) ¢ ¢¨¤¥ °¿¤®¢� = xn�c0 + c1x+ c2x2 + : : :�; �0 = xp�d0 + d1x+ d2x2 + : : :�: (24)



354 ¢»·¨±«¨²¥«¼»¥ ¬¥²®¤» ¨ ¯°®£° ¬¬¨°®¢ ¨¥. 2009. �. 10�®ª § ²¥«¨ n ¨ p ¢ (24) ¡»«¨ ¯®¤®¡° » ¢ [10] ² ª, ·²®¡» ¯®ª § ²¥«¨ ¢ ±¨±²¥¬¥ (23) ®²«¨· «¨±¼ ¤°³£®² ¤°³£    ¥¤¨¨¶³; ½²® ¤ ¥² n = 3=4, p = 1=4. � [10] ¡»«® § ¬¥·¥®, ·²® ¥±«¨ § ¤ ²¼ ¢»° ¦¥¨¿ (24) ¢¢¨¤¥ � = x3=4p�e! �c0 + c1x+ c2x2 + : : :�; �0 = x1=4r�e! �d0 + d1x+ d2x2 + : : : �; (25)²® ¤«¿ ®¯°¥¤¥«¥¨¿ ª®½´´¨¶¨¥²®¢ cj ¨ dj ¯®«³· ¾²±¿ ¯®«¨®¬¨ «¼»¥ ³° ¢¥¨¿, ª®½´´¨¶¨¥²» ª®-²®°»µ § ¢¨±¿² ²®«¼ª® ®² cj ¨ dj . � [10] ¡»« ° ±±¬®²°¥ ±«³· ©, ª®£¤  � ¨ �0 ±®¤¥°¦ ² ¯®«¨®¬» ®² x·¥²¢¥°²®© ±²¥¯¥¨: �(x) = x3=4bp�e! P1(x); �0(x) = x1=4r �e! P2(x); (26)P1(x) = N1Xj=0 cjxj ; P2(x) = N2Xj=0 djxj; (27)£¤¥ N1 = N2 = 4. �®¤±² ®¢ª¨ (26) ¨ (27) ¢ (23) ¯°¨¢®¤¿² ª ¤¢³¬ ¯®«¨®¬¨ «¼»¬ ³° ¢¥¨¿¬M1Xk=0Ak�X�xk = 0; M2Xk=0Bk�X�xk = 0; (28)£¤¥ X = (c0; c1; c2; c3; c4; d0; d1; d2; d3; d4), M1 = 14 ¨ M2 = 9. �«¿ ª° ²ª®±²¨ ¨¦¥ ¬» ¯°¨¢®¤¨¬ ´®°¬³«»²®«¼ª® ¤«¿ Ak, k = 0; 1; 13; 14, ¨ ¤«¿ Bk, k = 0; 1; 8; 9:A0 = �60c0 � 10c20d0 + 7d30; B0 = 120� 9c0d0;A1 = 60c0 � 60c1 + 18c20d0 � 36c0c1d0 � 14d30 � 2c20d1 + 21d20d1; B1 = �120� 35c0d0 � 21c1d0 � 9c0d1;A13 = 50c24d4 + 21d3d24 � 14d34; B8 = 13c4d3 + c3d4 � 57c4d4;A14 = 7d34; B9 = 13c4d4:� [10] ª®½´´¨¶¨¥²» cj, dj ¢ (27) ¡»«¨ ¢»·¨±«¥» ¨§ ²°¥¡®¢ ¨¿, ·²®¡» ®¡  ³° ¢¥¨¿ (28) ¡»«¨¨¤¥²¨·® ° ¢» ³«¾. �²® ®§ · ¥², ·²® °¥¸ «¨±¼ ±¨±²¥¬» ¯®«¨®¬¨ «¼»µ ³° ¢¥¨©Ak(X) = 0; k = 0; : : : ;M1; Bk(X) = 0; k = 0; : : : ;M2: (29)� °¥§³«¼² ²¥ ¢ [10] ¡»«¨  ©¤¥» ·¨±«¥»¥ § ·¥¨¿ ª®½´´¨¶¨¥²®¢ cj, dj ¢ (25), ² ª ·²®� = x3=4bp�e! �3:04� 4:64x+ 2:839x2� 2:855x3� 1:814x4�; (30)�0 = x1=4p�=e! �4:385� 5:845x+ 4:015x2� 4:46x3 � 1:29x4�: (31)�¤ ª® ·¨±«¥»¥ § ·¥¨¿ ª®½´´¨¶¨¥²®¢ Ak ¨ Bk, ¯®«³·¥»¥ ¯°¨ ·¨±«¥»µ § ·¥¨¿µ cj ¨ dj¨§ [10], ®²«¨·» ®² ³«¿:A0 = 2:5662; A1 = �15:6054; A2 = 23:6544; : : : ; A7 = �14429:8; : : : ; A14 = �15:0268;B0 = 0:0264; B1 = 0:6296; : : : ; B7 = �668:551; B8 = �24:5247; B9 = 30:4208:�«¿ ®¯°¥¤¥«¥¨¿ ³£«®¢®© ±ª®°®±²¨ e!, ¢µ®¤¿¹¥© ¢ ° ¢¥±²¢® v(r; z) = e!r,  ¬ ¯® ¤®¡¨²±¿ ´®°¬³« ¤«¿ ¬®¬¥²  M1 ±¨« ²°¥¨¿ ¦¨¤ª®±²¨ ® ¤¢¥ ¥¯®¤¢¨¦»¥ ²®°¶¥¢»¥ ±²¥ª¨ ª®¦³µ , ª ¦¤ ¿ ¨§ ª®²®°»µ¿¢«¿¥²±¿ ¤¨±ª®¬ ° ¤¨³±  b = R3. �±¾¤³ ¢ ¤ ®© ±² ²¼¥ ¯°¥¤¯®« £ ¥²±¿, ·²® ¤¨±ª ° ±¯®«®¦¥ ¢ ±¥°¥¤¨¥ª®¦³µ . �®£« ±® [10] ¨ ± ³·¥²®¬ (26), ½²®² ±³¬¬ °»© ¬®¬¥² ¤«¿ ®¡®¨µ ²®°¶®¢ ¢»° ¦ ¥²±¿ ´®°¬³«®©M1 = �2 bZ0 2�r2��@v@z�z=0dr = �8��e!b4 1Z0 (1� x)3�0(x) dx = �8��e!b4re!� 1Z0 (1� x)3x�1=4P2(x) dx: (32)�°¨ ¢»·¨±«¥¨¨ ¨²¥£° «  ¢ ¯° ¢®© · ±²¨ (32) ³·¨²»¢ «®±¼, ·²® P2(x) ¨¬¥¥² ª®°¥¼ x� = 0:746836¢³²°¨ ¯°®¬¥¦³²ª  ¨²¥£°¨°®¢ ¨¿ [0; 1]. � ¨²®£¥ ¡»«®  ©¤¥®: 8� 1Z0 (1 � x)3x�1=4P2(x) dx = 3:4048249. C¤°³£®© ±²®°®», § ·¥¨¥ ½²®£® ¨²¥£° « ,  ©¤¥®¥ £° ´¨·¥±ª¨¬ ¬¥²®¤®¬ ¢ [10], ±®±² ¢¨«® 3.387.



¢»·¨±«¨²¥«¼»¥ ¬¥²®¤» ¨ ¯°®£° ¬¬¨°®¢ ¨¥. 2009. �. 10 3555. �®£° ¨·»© ±«®©   ¤¨±ª¥. �¥¯¥°¼ ° ±±¬®²°¨¬ ¯®£° ¨·»© ±«®©   ¤¨±ª¥, ¢° ¹ ¾¹¥¬±¿± ³£«®¢®© ±ª®°®±²¼¾ !, ¯°¥¤¯®« £ ¿  «¨·¨¥ ¯®±²®¿®© ³£«®¢®© ±ª®°®±²¨ e! < ! ³ ¢° ¹ ¾¹¥£®±¿ ª ªª¢ §¨²¢¥°¤®¥ ²¥«® ±¯³²®£® ¯®²®ª  ¢¥¸¥© ¦¨¤ª®±²¨. �¡®§ ·¨¬ ·¥°¥§ s ° ±±²®¿¨¥ ®² ¥¯®¤¢¨¦®£®¤¨¹  ª®¦³µ  ¤® ¨¦¥© £®°¨§®² «¼®© ¯®¢¥°µ®±²¨ ¤¨±ª . �³±²¼ z = s � z, ² ª ·²® z = 0   ¨¦-¥© £®°¨§®² «¼®© ¯®¢¥°µ®±²¨ ¤¨±ª . �¥¯¥°¼, ±«¥¤³¿ [10], ³ ¯®¢¥°µ®±²¨ ¤¨±ª  § ¤ ¤¨¬ ±«¥¤³¾¹¨¥¯°¥¤±² ¢«¥¨¿ ¤«¿ u ¨ v:u = u�0"1��2 z� � 1�2#; v = !r � �! � e!�r"1��1� z��2#: (33)�¤¥±¼ u�0 | ®¢ ¿ ¥¨§¢¥±² ¿ ¬ ª±¨¬ «¼ ¿ ° ¤¨ «¼ ¿ ±ª®°®±²¼ ¨ �(r) | ²®«¹¨  ¯®£° ¨·®£® ±«®¿  ¤¨±ª¥. � ¤ «¼¥©¸¥¬ ·¥°²®·ª³  ¤ z ¢ (33) ®¯³±²¨¬ ¤«¿ ª° ²ª®±²¨. �²¥£° «¼»¥ ±®®²®¸¥¨¿ (17)¨ (18) ®±² ¾²±¿ ¯® ´®°¬¥ ²¥¬¨ ¦¥, ²®«¼ª® ³¦® § ¬¥¨²¼ �0   �. �®¤®¡® ¯°¥¤»¤³¹¥¬³, ¬» ± · « ¢»·¨±«¨«¨ ± ¯®¬®¹¼¾ ±¨±²¥¬» Mathematica ¨²¥£° «» ¨ ¯°®¨§¢®¤»¥, ¢µ®¤¿¹¨¥ ¢ (17) ¨ (18). �®¤±² ¢«¿¿ ©¤¥»¥ ¢»° ¦¥¨¿ ¢ (17) ¨ (18), ¯®«³·¨¬ ±¨±²¥¬³ ¤¢³µ ®¡»ª®¢¥»µ ¤¨´´¥°¥¶¨ «¼»µ ³° ¢¥¨©¤«¿ �(r) ¨ u�0(r):� 15 !2r2� � 415 !r2e!� + 715 r2e! 2� + 4r�u�0 � + 815 �u�20 + 815 ru�20 �0 + 1615 r�u�0u�00 = 0; (34)� 2!r3�� + 2r3e!�� + 35 !r2�u�0 + 1115 r2e!�u�0 + 15 !r3u�0�0 � 15 r3e!u�0�0 + 15 !r3�u�00 � 15 r3e!�u�00 = 0: (35)� ®²«¨·¨¥ ®² ±«³· ¿ ¯®£° ¨·®£® ±«®¿   ¥¯®¤¢¨¦®¬ ®±®¢ ¨¨ ª®¦³µ , ±¨±²¥¬  (34), (35) ¨¬¥¥²· ±²®¥ °¥¸¥¨¥ ¢¨¤  �(r) = c1, u�0 = c2r, £¤¥ c1; c2 | ¯®±²®¿»¥. �®¤±² ¢¨¢ ½²¨ ´®°¬³«» ¢ (34), (35),¯®«³·¨¬ ¤¢  ¥«¨¥©»µ  «£¥¡° ¨·¥±ª¨µ ³° ¢¥¨¿ ¤«¿ ®¯°¥¤¥«¥¨¿ c1, c2:6c21c22 � 34 c21!2 � c21!e! + 74 c21e! 2 + 15c2� = 0; 45 c21c2! + 815 c21c2e! � 2�(!� e!) = 0: (36)�²®°®¥ ³° ¢¥¨¥ ±¨±²¥¬» (36) «¨¥©® ®²®±¨²¥«¼® c2, ¯®½²®¬³, ° §°¥¸¨¢ ¥£® ®²®±¨²¥«¼® c2, ¯®¤-±² ¢¨¬  ©¤¥®¥ ¢»° ¦¥¨¥ ¢ ¯¥°¢®¥ ³° ¢¥¨¥ ¨  ©¤¥¬ c1:c2 = 15�(!� e!)2c21(3! + 2e!) ; c1 =r�e! 4p150p2 + 3!=e! 4s 6!=e! � 1!=e! + 7=3 : (37)�²®² °¥§³«¼² ² ±®¢¯ ¤ ¥² ±  ©¤¥»¬ ¢ [10]. �³±²¼ a | ° ¤¨³± ¤¨±ª . �³¬¬ °»© ¬®¬¥² ±¨« ²°¥¨¿  ®¡¥¨µ ±²®°® µ ¢° ¹ ¾¹¥£®±¿ ¤¨±ª  ° ¢¥ [10{12]M2 = � aZ0 4���! � e!�2 r3� dr = � 2�4p150 �a4�! � e!�re!� r2 + 3 !e! 4s!=e! + 7=36!=e! � 1 : (38)�±² «®±¼ ®¯°¥¤¥«¨²¼ ¯®ª  ¥¨§¢¥±²³¾ ³£«®¢³¾ ±ª®°®±²¼ e! ¢° ¹¥¨¿ ¦¨¤ª®±²¨ ¢ ª®¦³µ¥ ¢¤ «¥ª¥ ®²²¢¥°¤»µ ±²¥®ª. � [10{12] ¤«¿ ½²®£® ¨±¯®«¼§®¢ ® ²°¥¡®¢ ¨¥ ° ¢¥±²¢  ¤¢³µ ¬®¬¥²®¢: ¬®¬¥² M1, ²®°-¬®§¿¹¥£® ¦¨¤ª®±²¼ ® ²®°¶» ª®¦³µ  ¨ ®¯°¥¤¥«¿¥¬®£® ¯® ´®°¬³«¥ (32), ¨ ¬®¬¥²  M2 (38), ²®°¬®§¿¹¥£®¤¨±ª. �¤ ª® ¢ ¢»° ¦¥¨¥ ¤«¿ M1 ¢µ®¤¨² ° ¤¨³± ¶¨«¨¤°¨·¥±ª®£® ®±®¢ ¨¿ b. � [10] ¯°¥¤¯®« £ «®±¼,·²® § §®° ¬¥¦¤³ ¤¨±ª®¬ ¨ ±²¥ª®© ª®¦³µ  ¬ «. �®£¤  b � a ¨ ¬®¦® °¥¸¨²¼ ³° ¢¥¨¥ M1 = M2 ®²-®±¨²¥«¼® e!. � °¥§³«¼² ²¥ ®ª § «®±¼, ·²® !=e! = 1:89321, ² ª ·²® e!=! = 0:528202. �®£« ±® [10{12],e!=! = 0:54;   ®±®¢ ¨¨ ½²®£® ¢ [10{12] ±¤¥«  ¢»¢®¤, ·²® ª¢ §¨²¢¥°¤®¥ ¿¤°® ¬¥¦¤³ ¯®£° ¨·»¬¨±«®¿¬¨ ¢° ¹ ¥²±¿ ¯°¨¬¥°® ± ¯®«®¢¨®© ³£«®¢®© ±ª®°®±²¼¾ ¯® ±° ¢¥¨¾ ± ¤¨±ª®¬.�«¿ ¤ «¼¥©¸¥£® ³¤®¡® ¢¢¥±²¨ ±«¥¤³¾¹¨¥ ¤¢  ¡¥§° §¬¥°»µ ¯ ° ¬¥²° : ·¨±«® �¥©®«¼¤±  Re = R22!�¨ ·¨±«® � = e!=!; � = 0:54 ¢ ±«³· ¥ °¥¸¥¨¿ (30), (31) ¨§ [10]. �  °¨±. 5 ¯®ª § » £° ´¨ª¨ ´³ª¶¨©z = �0(r) ¨ z = �(r) ¤«¿ ±«³· ¿, ª®£¤  ¢ (31) ¨ (37) Re = 1288, R2 = 0:092 ¬, s = 0:031 ¬, ! = 20 ®¡/¬¨.� ª ¬®¦® ¢¨¤¥²¼, ¯°¨ ³ª § »µ § ·¥¨¿µ R2, Re, s, ! ¨¦¨© ¨ ¢¥°µ¨© ¯®£° ¨·»¥ ±«®¨ ¥ ¯¥°¥±¥-ª ¾²±¿. �®«¹¨  �0(r), ®¯¨±»¢ ¥¬ ¿ ´®°¬³«®© (31), ®²°¨¶ ²¥«¼  ¢ ®ª°¥±²®±²¨ ¢ « . �²® ¯°®²¨¢®°¥·¨²´¨§¨·¥±ª®¬³ ±¬»±«³ ²®«¹¨» ¯®£° ¨·®£® ±«®¿: ®  ¢±¥£¤  ¤®«¦  ¡»²¼ ¥®²°¨¶ ²¥«¼®©.6. �®¢®¥ °¥¸¥¨¥ ¤«¿ N1 = N2 = 4.�²¬¥²¨¬ °¿¤ ¥¤®±² ²ª®¢ °¥¸¥¨¿ �³«¼¶ {�°³®¢  (±¬. ´®°-¬³«» (30) ¨ (31)).



356 ¢»·¨±«¨²¥«¼»¥ ¬¥²®¤» ¨ ¯°®£° ¬¬¨°®¢ ¨¥. 2009. �. 10(i) �¡«¨§¨ ¢ «  ²®«¹¨  �0(r) ¯®£° ¨·®£® ±«®¿ ³ ®±®¢ ¨¿ ª®¦³µ  ®²°¨¶ ²¥«¼ ¿ ±®£« ±® (31).�²® ¢¨¤®   °¨±. 5 ¨ ¬®¦¥² ¡»²¼ «¥£ª® ¤®ª § ® ¬ ²¥¬ ²¨·¥±ª¨ ±«¥¤³¾¹¨¬ ®¡° §®¬. �¡®§ ·¨¬ ·¥°¥§R1, R2 ¨ R3 ° ¤¨³±» ¢ « , ¤¨±ª  ¨ ¡®ª®¢®© ¶¨«¨¤°¨·¥±ª®© ±²¥ª¨ ª®¦³µ  ±®®²¢¥²±²¢¥®. �«¿ °¥ «¼»µ¤¨±ª®¢»µ ¬ ¸¨ ¢»¯®«¿¥²±¿ ¥° ¢¥±²¢® R1 � R3. �®£¤  ±®®²¢¥²±²¢³¾¹¥¥ § ·¥¨¥ x = 1� (r=R3) � 1  ¯®¢¥°µ®±²¨ ¢ « . �®¤±² ¢«¿¿ ¢ (31) § ·¥¨¥ x = 1, «¥£ª® ³¡¥¤¨²¼±¿, ·²® �0(1) < 0.(ii) �®°¬³«» (30), (31) ¥ ®¡¥±¯¥·¨¢ ¾² ¢»¯®«¥¨¿ ³±«®¢¨¿ ¯°¨«¨¯ ¨¿ u(R1; z) = 0   ¯®¢¥°µ®±²¨¢ « .�¥©±²¢¨²¥«¼®, ² ª ª ª u0(r) = �(r)=�0(r), ²® ®¡° ¹¥¨¥ ¢ ³«¼ ¢¥«¨·¨» u0(r) ¯°¨ r = R1 ¢®§¬®¦®²®«¼ª® §  ±·¥² ²®£®, ·²® �(1�R1=R3) = 0. � ª ª ª x � 1 ¯°¨ r = R1, ²® ¨§ (30) ¯®«³· ¥¬, ·²® ¤«¿ ²®£®,·²®¡» � = 0 ¯°¨ r = R1, ¥®¡µ®¤¨¬®, ·²®¡» P1(1) = 0. �® P1(1) = �3:43 6= 0 ±®£« ±® (30).(iii) �®°¬³«» (30), (31) ¯°¨ r = R3 ¥ ®¡¥±¯¥·¨¢ ¾² ¢»¯®«¥¨¿ ³±«®¢¨¿ ¯°¨«¨¯ ¨¿ u = v = 0  ¥¯®¤¢¨¦®© ¢¥°²¨ª «¼®© ª°³£«®© ±²¥ª¥ ª®¦³µ .(iv) �°¨ ®¯°¥¤¥«¥¨¨ ³£«®¢®© ±ª®°®±²¨ e! ª¢ §¨²¢¥°¤®£® ¢° ¹¥¨¿ ¦¨¤ª®±²¨ ¬¥¦¤³ ¨¦¨¬ ¨ ¢¥°µ-¨¬ ¯®£° ¨·»¬¨ ±«®¿¬¨ ¢ [10{12] ¥ ³·¨²»¢ «±¿ ¬®¬¥² ±¨« ¢¿§ª®£® ²°¥¨¿   ¢¥°²¨ª «¼®© ±²¥ª¥ª®¦³µ .�¨¦¥ ¬» ¯®±²°®¨¬ ®¢®¥ °¥¸¥¨¥, ¢ ª®²®°®¬ ¡³¤³² ³±²° ¥» ¥¤®±² ²ª¨ (i){(iv). � ·¥¬ ± ³±²° -¥¨¿ ¥¤®±² ²ª  (ii). �±«®¢¨¥ ¯°¨«¨¯ ¨¿ ��1�R1R�13 � = 0 «¥£ª® ³·¥±²¼, § ¤ ¢ ¿ � ¢ ¢¨¤¥�(x) = x3=4bp�e! (1�R1=R3 � x)P1(x); (39)P1(x) = N1�1Xj=0 cjxj : (40)
0.02 0.04 0.06 0.08 0.1

0.01

0.02

0.03

r

z�¨±. 5. �°¨¢»¥ z = �(r) ¯® ° §«¨·»¬´®°¬³« ¬: ±¯«®¸ ¿ «¨¨¿ | z = �0(r) ¢±®®²¢¥²±²¢¨¨ ± °¥¸¥¨¥¬ �³«¼¶ {�°³®¢  [10],¯³ª²¨° ¿ «¨¨¿ | z = �0;4;4(r), ¸²°¨µ®¢ ¿«¨¨¿ | z = s, ¸²°¨µ-¯³ª²¨° ¿ «¨¨¿ |z = s � �(r)
�°¥¤±² ¢«¥¨¥ (39) ¨¬¥¥² ¥¤®±² ²®ª, ±®±²®¿¹¨© ¢²®¬, ·²® ª®½´´¨¶¨¥²» cj , dj ²¥¯¥°¼ ¡³¤³² § ¢¨±¥²¼®² ª®ª°¥²®£® § ·¥¨¿ ®²®¸¥¨¿ " = R1=R3. �®-½²®¬³ ¬» ¯®±²³¯¨¬ ±«¥¤³¾¹¨¬ ®¡° §®¬: ¯°¥¤¯®«®-¦¨¬, ·²® ®²®¸¥¨¥ R1=R3 ¬ «®, ¨ ¯°¥¥¡°¥¦¥¬ ¨¬,§ ¤ ¢ �(x) ¢ ¢¨¤¥�(x) = x3=4bp�e! (1� x)P 1(x): (41)�®¤±² ¢«¿¿ ¢»° ¦¥¨¥ (41) ¨ ¢»° ¦¥¨¥ ¤«¿ �0¨§ (26) ¢ «¥¢»¥ · ±²¨ ³° ¢¥¨© (23), ¯®«³·¨¬ ±¨±²¥¬³¨§ 25 ¯®«¨®¬¨ «¼»µ ³° ¢¥¨© (29) ®²®±¨²¥«¼®¤¥¢¿²¨ ¥¨§¢¥±²»µ c0, c1, c2, c3, d0, d1, d2, d3, d4.� ª¨¬ ®¡° §®¬, (29) | ½²® ¯¥°¥®¯°¥¤¥«¥ ¿ ¯®«¨®-¬¨ «¼ ¿ ±¨±²¥¬ . �¨°®ª® ° ±¯°®±²° ¥»© ¬¥²®¤°¥¸¥¨¿ ² ª¨µ ±¨±²¥¬ ®±®¢    ¬¥²®¤¥  ¨¬¥¼¸¨µª¢ ¤° ²®¢ [18]. �¢¥¤¥¬ ¢ ° ±±¬®²°¥¨¥ ¶¥«¥¢³¾ ´³ª-¶¨¾ F (X) ¯® ´®°¬³«¥ F (X) = M1Xk=0hAk�X�i2 + M2Xk=0hBk�X�i2: (42)� ²¥¬ °¥¸¥¨¥ X� ±¨±²¥¬» (42) ¨¹¥¬ ¨§ ²°¥¡®¢ ¨¿ ¬¨¨¬¨§ ¶¨¨ ´³ª¶¨¨ (42): F (X)! min. � ¬¥²¨¬,·²®   § ·¥¨¿µ cj, dj, ¢µ®¤¿¹¨µ ¢ (30) ¨ (31), ´³ª¶¨¿ F (X) ¯°¨¨¬ ¥² § ·¥¨¥ F = 6:0625� 108.�«¿ ¯®¨±ª  ¬¨¨¬³¬  ´³ª¶¨¨ (42) ¬» ¯°¨¬¥¨«¨ Mathematica-´³ª¶¨¾ FindMinimum[...]. � ª -·¥±²¢¥  · «¼®£® ¯°¨¡«¨¦¥¨¿ ª ²®·ª¥ ¬¨¨¬³¬  F (X) ¬» ¨±¯®«¼§®¢ «¨ § ·¥¨¿ cj , dj ¨§ (30), (31).� ¡«¨¶  1�¨ ¬¨ª  ±µ®¤¨¬®±²¨ ¯°®¶¥±±  ¬¨¨¬¨§ ¶¨¨ ´³ª¶¨¨ (42)Nit 30 100 150 175F � 1:405� 105 1:722� 104 4:513� 103 4:513� 103� ² ¡«. 1 ·¥°¥§ Nit ®¡®§ ·¥® § ¤ ¢ ¥¬®¥ ·¨±«® ¨²¥° ¶¨© ¤«¿ ´³ª¶¨¨ FindMinimum ¯°¨ ¢»·¨±«¥¨¨F � = F (X�). �¨¤®, ·²® ¯°®¶¥±± ·¨±«¥®© ¬¨¨¬¨§ ¶¨¨ ±®¸¥«±¿ ³¦¥ ª 150 ¨²¥° ¶¨¿¬. � «¼¥©¸¨¥



¢»·¨±«¨²¥«¼»¥ ¬¥²®¤» ¨ ¯°®£° ¬¬¨°®¢ ¨¥. 2009. �. 10 357¨²¥° ¶¨¨ ³¦¥ ¥ ¯°¨¢¥«¨ ª ¨§¬¥¥¨¾ F �. �§ ² ¡«. 1 ² ª¦¥ ±«¥¤³¥², ·²® ¨²®£®¢®¥ § ·¥¨¥ F �, ¯®«³·¥®¥§  150 ¨²¥° ¶¨©, ¯°¨¬¥°®   ¯¿²¼ ¤¥±¿²¨·»µ ¯®°¿¤ª®¢ ¬¥¼¸¥, ·¥¬ § ·¥¨¥ F , ¯®«³· ¥¬®¥   ²¥µ§ ·¥¨¿µ cj ¨ dj, ª®²®°»¥ ¡»«¨ ¢»·¨±«¥» ¢ [10]. � °¥§³«¼² ²¥ ¯°®¢¥¤¥»µ ° ±·¥²®¢ ¡»«¨  ©¤¥»·¨±«®¢»¥ § ·¥¨¿ cj , dj, ¤®±² ¢«¿¾¹¨¥ ¬¨¨¬³¬ ´³ª¶¨¨ (42), ² ª ·²® ±®®²¢¥²±²¢³¾¹¥¥ ¯°¨¡«¨¦¥®¥  «¨²¨·¥±ª®¥ °¥¸¥¨¥ ¤«¿ �(x) ¨ �0(x) ²¥¯¥°¼ ¨¬¥¥² ¢¨¤�4;4 = x3=4bp�e! (1 � x)�2:703488� 1:644563x+ 0:909018x2+ 0:021419x3�; (43)�0;4;4 = x1=4p�=e! �4:064651� 5:198975x+ 4:005359x2� 0:563374x3� 0:047782x4�: (44)�¨¦¨¥ ¨¤¥ª±» \4,4" ¯°¨ � ¨ �0 ¢ (43) ¨ (44) ³ª §»¢ ¾²   ²®, ·²® ±²¥¯¥¨ N1 ¨ N2 ¨±¯®«¼§®¢ »µ ¯¯°®ª±¨¬¨°³¾¹¨µ ¯®«¨®¬®¢ P1(x) ¨ P2(x) ¢ (27) ±³²¼ N1 = 4 ¨ N2 = 4.�®²¿ ®²®¸¥¨¥ R1R3 ¯°¥¤¯®« £ ¥²±¿ ¬ «»¬, ²¥¬ ¥ ¬¥¥¥ ¯°¨ r = R1 ¬®¦¨²¥«¼ 1 � x = R1R3 6= 0.�°¥¤¯®«®¦¨¬, ·²® ª®½´´¨¶¨¥²» cj ±« ¡® § ¢¨±¿² ®² " = R1R3 . �®£¤  ¬» ¬®¦¥¬ ±®µ° ¨²¼ ¢ ´®°¬³«¥¤«¿ �4;4 ²¥ ·¨±«¥»¥ § ·¥¨¿ ª®½´´¨¶¨¥²®¢ cj , ª®²®°»¥ ¡»«¨  ©¤¥» ¢ ¯°¥¤¥«¥ "! 0,   ¬®¦¨²¥«¼1� x § ¬¥¨²¼   ¬®¦¨²¥«¼ 1� R1R3 � x ± ¶¥«¼¾ ²®·®£® ¢»¯®«¥¨¿ ³±«®¢¨¿ ¯°¨«¨¯ ¨¿ u(R1; z) = 0:�4;4 = x3=4bp�e!�1� R1R3 � x��2:703488� 1:644563x+ 0:909018x2+ 0:021419x3�: (45)�§ (44) «¥£ª® ¢¨¤¥²¼, ·²® �0;4;4(1) > 0, ².¥. ¬» ³±²° ¨«¨ ² ª¦¥ ¥¤®±² ²®ª (i). �²®² ¥¤®±² ²®ª®ª § «®±¼ ¢®§¬®¦»¬ ³±²° ¨²¼ ¡« £®¤ °¿ ·¨±«¥®¬³ °¥¸¥¨¾ § ¤ ·¨ ¬¨¨¬¨§ ¶¨¨ ´³ª¶¨¨ (42) ±¬ ¸¨®© ²®·®±²¼¾   ±®¢°¥¬¥®¬ ¤®±² ²®·® ¬®¹®¬  ±²®«¼®¬ ª®¬¯¼¾²¥°¥.� ª ¢¨¤® ¨§ °¨±. 5, ²®«¹¨  ¯®£° ¨·®£® ±«®¿ �0;4;4(r) (±¬. ´®°¬³«³ (44))   ¥¯®¤¢¨¦®¬ ®±®-¢ ¨¨ ª®¦³µ  ¥±ª®«¼ª® ³¬¥¼¸ ¥²±¿ ± ³¬¥¼¸¥¨¥¬ ° ±±²®¿¨¿ r ¤® ¯®¢¥°µ®±²¨ ¢ « .�¥°¥©¤¥¬ ª ³±²° ¥¨¾ ¥¤®±² ²ª  (iii). � ª ¢¨¤® ¨§ ¯°¨¡«¨¦¥®£®   «¨²¨·¥±ª®£® ¯°¥¤±² ¢«¥-¨¿ (33) °¥¸¥¨¿ ¤«¿ ¯®£° ¨·®£® ±«®¿ ³ ¤¨±ª , ®® ±³¹¥±²¢¥® ¨±¯®«¼§³¥² £° ¨·®¥ ³±«®¢¨¥ v = !r  ¯®¢¥°µ®±²¨ ¤¨±ª . �¤ ª® ½²® ³±«®¢¨¥ ¯°¨«¨¯ ¨¿ ¯°¨¬¥¨¬® ²®«¼ª® ¢ ¯°®¬¥¦³²ª¥ [R1; R2]. �³±²¼Ud = �u(r; z); v(r; z)� | ¢¥ª²®° ¯°¨¡«¨¦¥®£®   «¨²¨·¥±ª®£® °¥¸¥¨¿ ¢ ¨²¥°¢ «¥ [R1; R2], ².¥. ¬»®£° ¨·¨¢ ¥¬ ®¡« ±²¼ ¯°¨¬¥¨¬®±²¨ ½²®£® °¥¸¥¨¿ ¤ »¬ ¨²¥°¢ «®¬. �±³¹¥±²¢¨¬ ° §«®¦¥¨¥ °¥¸¥-¨¿ U = (u; v) ¢ °¿¤» �¥©«®°  ¢ ¯°®¬¥¦³²ª¥ [R2; R3] ®²®±¨²¥«¼® ²®·ª¨ r = R2:U = U (R2; z) + �@U (R2; z)@r �(r � R2) + O�(r � R2)2�; r 2 [R2; R3]: (46)�§ (46) ±«¥¤³¥², ·²® ¯°¨ ¬ «»µ ¢¥«¨·¨ µ § §®°  ¬¥¦¤³ ¤¨±ª®¬ ¨ ®¡¥· ©ª®© (·²® ²¨¯¨·® ¤«¿¤¨±ª®¢»µ ¢¥²¨«¿²®°®¢) «¨¥© ¿  ¯¯°®ª±¨¬ ¶¨¿ U (r; z) = Ar +B ¬®¦¥² ¡»²¼ ¯°¨¡«¨¦¥¨¥¬, ³¤®¢«¥-²¢®°¨²¥«¼»¬ ¯® ²®·®±²¨. �»° ¦¥¨¿ ¤«¿ ¯®±²®¿»µ ¢¥ª²®°®¢ A ¨ B «¥£ª®  ©²¨ ± ³·¥²®¬ ³±«®¢¨©U (R3; z) = (0; 0), ² ª ·²® ¢ ¨²®£¥ ¯®«³· ¥¬ ±«¥¤³¾¹³¾ ´®°¬³«³ ¤«¿ ¯°¨¡«¨¦¥®£®   «¨²¨·¥±ª®£®°¥¸¥¨¿ U (r; z) ¢ ¯°®¬¥¦³²ª¥ [R1; R3]:U (r; z) =8<:Ud(r; z); R1 6 r 6 R2;Ud(R2; z) r �R3R2 � R3 ; R2 6 r 6 R3: (47)�¨¤®, ·²® °¥¸¥¨¥ U , ¤ ®¥ ´®°¬³«®© (47), ³¤®¢«¥²¢®°¿¥² ³±«®¢¨¾ ¯°¨«¨¯ ¨¿ ¯°¨ r = R3. � ©¤¥¬¢»° ¦¥¨¥ ¤«¿ ¬®¬¥²  ±¨« ¢¿§ª®£® ²°¥¨¿   ª°³£«®© ¢¥°²¨ª «¼®© ±²¥ª¥ ª®¦³µ  ± ¶¥«¼¾ ³±²° ¥¨¿¥¤®±² ²ª  (iv) °¥¸¥¨¿ ¨§ [10]. �®§¼¬¥¬   ¯®¢¥°µ®±²¨ ¶¨«¨¤°  ¯®«®±ª³ ¢»±®²®© dz. �  ½²®© ½«¥¬¥-² °®© ¯®«®±ª¥ ¬®¬¥² ±¨«» ²°¥¨¿ ° ¢¥ 2�b dz b��@v@r�����r=b. �®£¤  ±³¬¬ °»© ¬®¬¥² M3 ±¨« ¢¿§ª®£®²°¥¨¿   ¯®¢¥°µ®±²¨ ¶¨«¨¤°  ¢»±®²» H ±³²¼ M3 = HZ0 '(r; z) dz, £¤¥ '(r; z) = 2�b2��@v@r�. �²®¡»³·¥±²¼  «¨·¨¥ ¯®£° ¨·»µ ±«®¥¢ ¨ ¤¨±ª  ¢ ¯°®¬¥¦³²ª¥ 0 6 z 6 H, ° §®¡¼¥¬ ½²®² ¯°®¬¥¦³²®ª  ¥±ª®«¼ª® ¯®¤»²¥°¢ «®¢: M3 = s��Z0 'dz + sZs�� 'dz + s+dZs 'dz + s+d+�Zs+d 'dz + HZs+d+� 'dz; £¤¥ d | ²®«¹¨ 



358 ¢»·¨±«¨²¥«¼»¥ ¬¥²®¤» ¨ ¯°®£° ¬¬¨°®¢ ¨¥. 2009. �. 10¤¨±ª . � ¯°®¬¥¦³²ª¥ (0; s � �) ¨¬¥¥¬, ±®£« ±® (47), ¢»° ¦¥¨¥ v(r; z) = e!R2(r � R3)R2 � R3 , R2 6 r 6 R3,¯®½²®¬³ @v@r = e!R2R2 � R3 ¨ s��Z0 'dz + HZs+d+� 'dz = �4�b2�e!(s � �) R2R3 � R2 : (48)� «¥¥, ± ³·¥²®¬ ´®°¬³« (33) ¨ (47) ¯®«³·¨¬sZs�� 'dz + s+d+�Zs+d 'dz = �(4=3)�b2��(! + 2e!) R2R3 �R2 : (49)�  ª®¥¶, ¯°¨ ¢»·¨±«¥¨¨ ®±² ¢¸¥£®±¿ ¨²¥£° «  ¢ ¯°®¬¥¦³²ª¥ [s; s + d] ¯°¥¤¯®«®¦¨¬, ·²® ¢ § §®°¥[R2; R3]  ¯°®²¨¢ ¤¨±ª  ²®«¹¨» d ²¥·¥¨¥ £ §  ¬ «® ®²«¨· ¥²±¿ ®² ²¥·¥¨¿ �³½²² . �»·¨±«¿¿ @v@r ¨§²®·®£® °¥¸¥¨¿ § ¤ ·¨ �³½²² , ¯°¨µ®¤¨¬ ª ¢»° ¦¥¨¾s+dZs 'dz = �2�b2�!R2 2R3dR23 �R22 : (50)� [10] ¢¥«¨·¨  e!  µ®¤¨« ±¼ ¯®±°¥¤±²¢®¬ °¥¸¥¨¿ ³° ¢¥¨¿ M2 = M1, £¤¥ ¢»° ¦¥¨¿ ¤«¿ M1 ¨ M2¤ ¾²±¿ ´®°¬³« ¬¨ (32) ¨ (38). �·²¥¬ ¬®¬¥²M3 ¨ ¡³¤¥¬ ®¯°¥¤¥«¿²¼ e! ¨§ ³° ¢¥¨¿ M2 =M1 +M3. �®¤-±² ¢¨¬ ±¾¤  ¢»° ¦¥¨¿ (32), (38), (48){(50) ¨ ³¬®¦¨¬ ®¡¥ · ±²¨ ¯®«³·¥®£® ° ¢¥±²¢    �1�Re1=2 1�b3e! ,£¤¥ �1 = R2b . � ¨²®£¥ ¯®«³·¨¬ ³° ¢¥¨¥2��414p150 (� � 1)p2 + 3� 4s� + 7=36� � 1 = I1 + 4�r �Re �1��2 � �1� + 13 �1�(� + 2)� �11� �1 + 4��21�3�3=2(1� �21)pRe ; (51)£¤¥ I1 = 8� 1Z0 (1� x3)x�1=4P2(x) dx, �2 = sb , �3 = db , � = !e! , � = �(r)�1b = � �Re(2 + 3�)�1=2 �150(6� � 1)� + 7=3 �1=4:�°¨ § ¤ »µ ¯ ° ¬¥²° µ �j ¨ Re ³° ¢¥¨¥ (51) °¥¸ «®±¼ ·¨±«¥® ¬¥²®¤®¬ ¯®«®¢¨®£® ¤¥«¥¨¿.� ¯°¨¬¥°, ¯°¨ R1 = 0:005 ¬, R2 = 0:092 ¬, R3 = 0:104 ¬, s = 0:031 ¬, d = 0:01 ¬, ! = 20 ®¡/¬¨ ¨ª®£¤  £ § ¢³²°¨ ª®¦³µ  | ¢®§¤³µ, ¨§ (51) ¡»«® ¯®«³·¥® § ·¥¨¥ �4;4 = 1� = 0:338, ² ª ·²® e! = 0:338!.�¨¦¨¥ ¨¤¥ª±» \4,4" ¯°¨ � ³ª §»¢ ¾², ·²® N1 = N2 = 4, £¤¥ N1, N2 | ±²¥¯¥¨ ¬®£®·«¥®¢ P1(x) ¨P2(x), ¢µ®¤¿¹¨µ ¢ (26). � ¡«¨¶  2� ·¥¨¿ F (X�) ¨ �N1;N2 ¤«¿ ° §«¨·»µ N1; N2 ¯°¨ ! = 20 ®¡/¬¨N1 4 4 5 5 5 6 6N2 4 5 4 5 6 5 610�3F (X�) 4.51 2.56 2.08 2.05 1.48 1.33 1.32�N1;N2 0:337655 0:338802 0:334889 0:335723 0:335942 0:334226 0:3343627. � «¼¥©¸¨¥ °¥¸¥¨¿ ¤«¿ ¯®£° ¨·®£® ±«®¿   ¤¨¹¥ ª®¦³µ . � ¶¥«¼¾ ¤ «¼¥©¸¥£®³¬¥¼¸¥¨¿ § ·¥¨¿ ¶¥«¥¢®© ´³ª¶¨¨ (42) ¬¥²®¤   ¨¬¥¼¸¨µ ª¢ ¤° ²®¢ ¨¦¥ ¬» ¯°¨¢®¤¨¬   «¨²¨-·¥±ª¨¥ °¥¸¥¨¿ ¤«¿ ¯®£° ¨·®£® ±«®¿   ¥¯®¤¢¨¦®¬ ®±®¢ ¨¨ ª®¦³µ  ¤«¿ ±«³· ¥¢, ª®£¤  N1 > 4,N2 > 4, N1 + N2 > 8, £¤¥ N1, N2 | ±²¥¯¥¨ ¬®£®·«¥®¢ (27). �«¥¤³¥² ®²¬¥²¨²¼, ·²® ¯°®¨±µ®¤¨² ¥«¨-¥©®¥ ¢®§° ±² ¨¥ ±«®¦®±²¨ ´³ª¶¨¨ F (X) ± ³¢¥«¨·¥¨¥¬ N1 ¨ N2.



¢»·¨±«¨²¥«¼»¥ ¬¥²®¤» ¨ ¯°®£° ¬¬¨°®¢ ¨¥. 2009. �. 10 359� ª ·¥±²¢¥  · «¼®£® ¯°¨¡«¨¦¥¨¿ ª ²®·ª¥ ¬¨¨¬³¬ X� ¯°¨ N1 = 4, N2 = 5 ¡° «¨±¼ ®¯²¨¬ «¼»¥§ ·¥¨¿ ª®½´´¨¶¨¥²®¢ cj , dj,  ©¤¥»¥ ¢ ¯°¥¤»¤³¹¥¬ ° §¤¥«¥ ¤«¿ ±«³· ¿ N1 = N2 = 4,    · «¼-®¥ ¯°¨¡«¨¦¥¨¥ ¤«¿ ®¢®£® ¤®¡ ¢«¥®£® ª®½´´¨¶¨¥²  d5 ¯®« £ «®±¼ ° ¢»¬ ³«¾. � ª®© ¦¥ ±¯®±®¡§ ¤ ¨¿ cj; dj ¯°¨¬¥¿«±¿ ¯°¨ N1 = 5, N2 = 5 ¨ ².¤. �²® ¯®§¢®«¨«® ±³¹¥±²¢¥®, ¢ ¤¢ -²°¨ ° § , ³¬¥¼-¸¨²¼ ª®«¨·¥±²¢® ¨²¥° ¶¨©, ²°¥¡³¥¬»µ ´³ª¶¨¥© FindMinimum ¤«¿ ¤®±²¨¦¥¨¿ ±µ®¤¨¬®±²¨. � ² ¡«. 2¯°¨¢¥¤¥» § ·¥¨¿ F (X�) ¯°¨ ° §«¨·»µ N1, N2. �¨¤®, ·²® ¯°¨ N1 = 5, N2 = 6 ¯°®¨§®¸«® § ¬¥²®¥³¬¥¼¸¥¨¥ § ·¥¨¿ F (X�) ¯® ±° ¢¥¨¾ ±® ±«³· ¥¬ N1 = N2 = 5. �¤ ª® ¯°¨ ¤ «¼¥©¸¥¬ ³¢¥«¨·¥¨¨N1 ¨ N2 ±¨¦¥¨¥ § ·¥¨¿ ¶¥«¥¢®© ´³ª¶¨¨ F (X) ¢ ²®·ª¥ ¬¨¨¬³¬  X� § ¬¥¤«¿¥²±¿.
0.02 0.04 0.06 0.08 0.1
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0.008
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0.012

r

z�¨±. 6. K°¨¢»¥ z = �0(r) ¯® ° §«¨·»¬ ´®°¬³« ¬:N1 = N2 = 4 (±¯«®¸ ¿); N1 = 4, N2 = 5 (¯³ª²¨° ¿);N1 = 5, N2 = 4 (²®·¥· ¿); N1 = N2 = 5(¸²°¨µ-¯³ª²¨° ¿); N1 = 5, N2 = 6 (4); N1 = 6,N2 = 5 (2); N1 = N2 = 6 (})
� ² ¡«. 2 ¤ » ² ª¦¥ § ·¥¨¿ ®²®¸¥¨¿�N1;N2 = e!=!, ±®®²¢¥²±²¢³¾¹¨¥ § ¤ »¬ N1¨ N2. �²¨ § ·¥¨¿ �N1;N2 ¡»«¨ ¯®«³·¥», ª ª¨ ¢ ¯°¥¤»¤³¹¥¬ ° §¤¥«¥, ¯³²¥¬ ·¨±«¥®£® °¥-¸¥¨¿ ³° ¢¥¨¿ (51). �¥®¬¥²°¨·¥±ª¨¥ ¯ ° ¬¥-²°» �1, �2, �3 ¢® ¢±¥µ ¢»¸¥¯°¨¢¥¤¥»µ ° ±·¥-² µ ¤«¿ ° §«¨·»µ N1, N2 ¡»«¨ ² ª¨¬¨ ¦¥, ª ª¤«¿ N1 = N2 = 4. �§ ² ¡«. 2 ±«¥¤³¥², ·²® ª®½´-´¨¶¨¥² �N1;N2 ±« ¡® § ¢¨±¨² ®² N1 ¨ N2. �¤- ª® ¯®±ª®«¼ª³ ª®½´´¨¶¨¥²» ³° ¢¥¨¿ (51)§ ¢¨±¿² ®² �1, �2, �3 ¨ Re, ²® ¯°¨ ¨§¬¥¥¨¨«¾¡®£® ¨§ ½²¨µ ¯ ° ¬¥²°®¢ ¥±²¥±²¢¥® ®¦¨-¤ ²¼ ¨ ¨§¬¥¥¨¿ ª®½´´¨¶¨¥²  �N1;N2 = 1=�.�  °¨±. 6 ¯®ª § » ª°¨¢»¥ z = �0;N1;N2 (r)¤«¿ ° §«¨·»µ N1, N2. � ·¥¨¥ e! § ¤ ¢ «®±¼¤«¿ ª ¦¤®© ª®ª°¥²®© ¯ °» (N1; N2) ¯® ´®°-¬³«¥ e! = �N1;N2!, £¤¥ § ·¥¨¿ �N1;N2 ¡° «¨±¼¨§ ² ¡«. 2. �§ °¨±. 6 ¢¨¤®, ·²® ¤«¿ ¢±¥µ ° ±±¬®²°¥»µ N1, N2 ²®«¹¨  ¯®£° ¨·®£® ±«®¿ �0(r)  ¥¯®¤¢¨¦®¬ ¤¨¹¥ ª®¦³µ  ³¬¥¼¸ ¥²±¿ ± ³¬¥¼¸¥¨¥¬ ¯®«¿°®£® ° ±±²®¿¨¿ r.� ² ¡«. 3 ¯°¨¢®¤¿²±¿ § ·¥¨¿ ª®½´´¨¶¨¥²®¢ cj ¢ (40),   ¢ ² ¡«. 4 | § ·¥¨¿ ª®½´´¨¶¨¥²®¢ dj,¢µ®¤¿¹¨µ ¢ ¢»° ¦¥¨¥ ¤«¿ �0(x). � ¡«¨¶  3�®½´´¨¶¨¥²» cj ¢ (40) ¯°¨ ° §«¨·»µ N1, N2N1 N2 c0 c1 c2 c3 c4 c54 4 2.703488 �1:644563 0.909018 0.021419 0 04 5 2.856340 �1:570379 1.074781 0.082472 0 05 4 2.787174 �1:625395 0.964173 �0:005921 �0:044119 05 5 2.810254 �1:611966 0.995323 0.014495 �0:035890 05 6 2.876983 �1:619852 1.076446 0.077721 �0:007302 06 5 2.844606 �1:647739 1.016851 0.021477 �0:050451 �0:0193806 6 2.848314 �1:646002 1.022749 0.026754 �0:046820 �0:0180128. �¥ª®²®°»¥ °¥§³«¼² ²» ·¨±«¥»µ ° ±·¥²®¢ § ¤ ·¨ ® ²¥·¥¨¨ £ §  ¢ ª®¦³µ¥ ± ¢° ¹ -¾¹¨¬±¿ ¤¨±ª®¬. � ½²®¬ ° §¤¥«¥ ¯°¨¢®¤¿²±¿ ¥ª®²®°»¥ °¥§³«¼² ²» ° ±·¥²®¢ ¯® ·¨±«¥®© ¬¥²®¤¨ª¥,®¯¨± ®© ¢ ° §¤¥«¥ 2, ¢® ¢±¥¬ ¨²¥°¢ «¥ 20 6 ! 6 100 ®¡/¬¨ § ·¥¨© ³£«®¢®© ±ª®°®±²¨ ¢° ¹¥¨¿¤¨±ª , ¯°¨¬¥¿¥¬»µ ¢ ¤¨±ª®¢»µ ¢¥²¨«¿²®° µ. �°¨¢®¤¿²±¿ ² ª¦¥ ¥ª®²®°»¥ °¥§³«¼² ²» ±° ¢¥¨¿ ° §-®±²»µ °¥¸¥¨© ± ®¢»¬   «¨²¨·¥±ª¨¬ °¥¸¥¨¥¬, ¯®«³·¥»¬ ¢ ° §¤¥«¥ 6 ¤«¿ N1 = N2 = 4. �  °¨±. 7¯°¥¤±² ¢«¥» £° ´¨ª¨ v = v(r0; z) ¤«¿ ³£«®¢®© ±ª®°®±²¨ ! = 20 ®¡/¬¨ ¢° ¹¥¨¿ ¤¨±ª  ¢ ¤¢³µ ° §«¨·»µ±¥·¥¨¿µ r = const: ±¥·¥¨¥ r � 0:57(R1+R2)  µ®¤¨²±¿ ¯°¨¬¥°® ¢ ±¥°¥¤¨¥ ¨²¥°¢ «  [R1; R2],   ±¥·¥¨¥r � 0:93R2 | ¢¡«¨§¨ ²®°¶  ¤¨±ª . �¯«®¸®© «¨¨¥©   °¨±. 7 ¯®ª § ® ®¢®¥   «¨²¨·¥±ª®¥ °¥¸¥¨¥ ¤«¿v ¯°¨ �4;4 = 0:337655; ¸²°¨µ®¢ ¿ «¨¨¿ |   «¨²¨·¥±ª®¥ °¥¸¥¨¥ [10], � = 0:54. �³ª²¨° ¿ «¨¨¿  °¨±. 7 | ·¨±«¥®¥ °¥¸¥¨¥ ° ±±¬ ²°¨¢ ¥¬®© § ¤ ·¨, ¯®«³·¥®¥ ¯°¨ ²¥µ ¦¥ ¢µ®¤»µ ¤ »µ, ·²® ¨   -«¨²¨·¥±ª®¥ °¥¸¥¨¥, ¯® ° §®±²®-±¯¥ª²° «¼®¬³ ¬¥²®¤³, ®¯¨± ®¬³ ¢ ° §¤¥«¥ 2, ¬¥²®¤®¬ ³±² ®¢«¥¨¿  ¥° ¢®¬¥°®© ¯°®±²° ±²¢¥®© ° ±·¥²®© ±¥²ª¥, ª®²®° ¿ ¨¬¥«  65, 41 ¨ 51 ³§«®¢ ¢¤®«¼ ®±¥© �, r



360 ¢»·¨±«¨²¥«¼»¥ ¬¥²®¤» ¨ ¯°®£° ¬¬¨°®¢ ¨¥. 2009. �. 10� ¡«¨¶  4�®½´´¨¶¨¥²» dj ¬®£®·«¥  P2(x), ¢µ®¤¿¹¥£® ¢ ¢»° ¦¥¨¥ ¤«¿ �0(x)(±¬. ¢²®°³¾ ´®°¬³«³ ¢ (26)) ¯°¨ ° §«¨·»µ N1, N2N1 N2 d0 d1 d2 d3 d4 d5 d64 4 4:064651 �5:198975 4:005359 �0:563374 �0:047782 0 04 5 4:185028 �5:471901 3:871863 �0:997633 �0:353929 �0:064053 05 4 4:110059 �5:462528 3:745126 �1:038496 �0:328643 0 05 5 4:132542 �5:483389 3:764532 �1:055980 �0:351856 �0:015801 05 6 4:188974 �5:648875 3:795984 �1:197402 �0:549613 �0:162125 �0:0304556 5 4:156011 �5:637994 3:744278 �1:215339 �0:552950 �0:138877 06 6 4:159553 �5:642342 3:748718 �1:216971 �0:556802 �0:143530 �0:002778
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�¨±. 7. �°¨¢»¥ v = v(r0; z):  ) r0 = 0:05534� 0:57(R1 +R2); ¡) r0 = 0:08606 � 0:93R2
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�¨±. 8. �°¨¢»¥ v = v(r0; z):  ) ! = 60 ®¡/¬¨; ¡) ! = 100 ®¡/¬¨¨ z ±®®²¢¥²±²¢¥®. � «¨²¨·¥±ª®¥ °¥¸¥¨¥ [10] (� = 0:54) § ¢»¸ ¥² § ·¥¨¿ ±®±² ¢«¿¾¹¥© ±ª®°®±²¨v(r; z) ¢ ®¡« ±²¨ ª¢ §¨²¢¥°¤®£® ¢° ¹¥¨¿ ¦¨¤ª®±²¨. �²® ¥³¤¨¢¨²¥«¼®, ² ª ª ª ¯°¨ ¯®¤±·¥²¥ ³£«®¢®©±ª®°®±²¨ e! ¢ [10] ¥ ¡»«¨ ³·²¥» ¤®¯®«¨²¥«¼»¥ ¯®²¥°¨ ¢ ±ª®°®±²¨, ¢»§»¢ ¥¬»¥ ²°¥¨¥¬ ¦¨¤ª®±²¨ ®¥¯®¤¢¨¦³¾ ¢¥°²¨ª «¼³¾ ±²¥ª³ ª®¦³µ .�  °¨±. 8 ¯°¥¤±² ¢«¥» £° ´¨ª¨ v = v(r0; z) ¤«¿ ° §«¨·»µ § ·¥¨© ! ¢ ±¥·¥¨¨ r � 0:57(R1+ R2)¯°¨ �4;4 = 0:377651 ¤«¿ ! = 60 ®¡/¬¨ ¨ �4;4 = 0:389981 ¤«¿ ! = 100 ®¡/¬¨. �¬»±« ±¯«®¸»µ, ¸²°¨µ®¢»µ¨ ¯³ª²¨°»µ «¨¨© ²®² ¦¥, ·²® ¨   °¨±. 7.�  °¨±. 9 ¯°¥¤±² ¢«¥» ª °²¨» ²¥·¥¨¿ ¢ ®±¥¢®© ¯«®±ª®±²¨, ¯®«³·¥»¥ ± ¯®¬®¹¼¾ ° §®±²®-±¯¥ª²° «¼®£® ¬¥²®¤ , ®¯¨± ®£® ¢ ° §¤¥«¥ 2. �®¢¥¤¥¨¥ «¨¨© ²®ª , ¢ ¶¥«®¬, ±®£« ±³¥²±¿ ± ®¯¨± »¬¢ [10, 12], ® ¥±²¼ ¨ ®²«¨·¨¿. � ¨¬¥®, ±° ¢¨¢ ¿ °¨±. 9  ± °¨±. 9£, ¢¨¤¨¬, ·²® ¨¬¥¥² ¬¥±²® ¯°®¨ª®¢¥¨¥· ±²¨¶ ¦¨¤ª®±²¨, ¤¢¨£ ¢¸¨µ±¿ ¢¤®«¼ £®°¨§®² «¼®© ¯®¢¥°µ®±²¨ ¤¨±ª  ¢ ±²®°®³ ¢¥°²¨ª «¼®© ±²¥ª¨ª®¦³µ , ¢ ®¡« ±²¼ § §®°  ¬¥¦¤³ ²®°¶®¬ ¤¨±ª  ¨ ¢¥°²¨ª «¼®© ±²¥ª®© ª®¦³µ . �³²°¨ § §®°  · ±²¨¶»° §¢®° ·¨¢ ¾²±¿ ¨ § ²¥¬ ¤¢¨¦³²±¿ ¢¨§ ¢¤®«¼ ¢¥°²¨ª «¼®© ±²¥ª¨ ª®¦³µ .�²®°®¥ ®²«¨·¨¥ ¢»²¥ª ¥² ¨§ °¨±. 7 ¨ 8. �¥«® ¢ ²®¬, ·²® ¢ [10] ¯°¨ ¯®±²°®¥¨¨ ¯°¨¡«¨¦¥®£®
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а) б) в)

г) д) е)�¨±. 9. � °²¨» ²¥·¥¨¿ ¢ ®±¥¢®© ¯«®±ª®±²¨ ¯°¨ ° §«¨·»µ § ·¥¨¿µ ³£«®¢®© ±ª®°®±²¨ ! ¢° ¹¥¨¿¤¨±ª :  ){¢) «¨¨¨ ²®ª , £){¥) ¯®«¿ ¢¥ª²®°®¢ ±ª®°®±²¨;  ) ¨ £) ! = 20 ®¡/¬¨; ¡) ¨ ¤) ! = 60 ®¡/¬¨;¢) ¨ ¥) ! = 100 ®¡/¬¨  «¨²¨·¥±ª®£® °¥¸¥¨¿ ¨±¯®«¼§®¢ « ±¼ £¨¯®²¥§  ® ²®¬, ·²® ¢ ®¡« ±²¨ ²¥·¥¨¿, ¢¥¸¥© ¯® ®²®¸¥¨¾ª ¯®£° ¨·»¬ ±«®¿¬   ¤¨¹¥ ª®¦³µ  ¨   ¤¨±ª¥, ³£«®¢ ¿ ±ª®°®±²¼ ¤¢¨¦¥¨¿ ¦¨¤ª®±²¨ e! ¯®±²®¿ .�¤ ª® ¨§ °¨±. 7 ¨ 8 ±«¥¤³¥², ·²® ¢ ±¥·¥¨¿µ r = const ±®±² ¢«¿¾¹ ¿ ±ª®°®±²¨ v ¯¥°¥¬¥ ¿, ¯®½²®¬³«®ª «¼®¥ § ·¥¨¥ ³£«®¢®© ±ª®°®±²¨ e! = v=r ²®¦¥ ¯¥°¥¬¥®¥.�±®¡¥® µ®°®¸¥¥ ±®£« ±¨¥ ¬¥¦¤³ ª®¥·®-° §®±²»¬ °¥¸¥¨¥¬ ¯® ¬¥²®¤¨ª¥ ° §¤¥«  2 ¨   «¨-²¨·¥±ª¨¬ °¥¸¥¨¥¬, ®¯¨± »¬ ¢»¸¥ ¢ ° §¤¥« µ 5 ¨ 6, ¨¬¥¥² ¬¥±²® ¤«¿ ¢±¥µ ° ±±¬®²°¥»µ § ·¥¨©³£«®¢®© ±ª®°®±²¨ ! ¢ ®¡« ±²¿µ ¯®£° ¨·»µ ±«®¥¢   ¯«®±ª®±²¿µ ¤¨±ª  (±¬. °¨±. 7 ¨ 8). �²® ±¢¿§ ® ±²¥¬, ·²®   «¨²¨·¥±ª®¥ °¥¸¥¨¥ ¤«¿ ²¥·¥¨¿ ¢ ¯®£° ¨·®¬ ±«®¥ ³ ¤¨±ª , ®¯¨± ®¥ ¢ ° §¤¥«¥ 5, ¿¢«¿¥²±¿²®·»¬ °¥¸¥¨¥¬ ±² ¶¨® °»µ ³° ¢¥¨© � ¢¼¥{�²®ª±  (9){(12).
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�¨±. 10. �¨¨¨ ²®ª  ¢ ±¥·¥¨¨ z = s=2 ¯°¨ ° §«¨·»µ § ·¥¨¿µ ³£«®¢®© ±ª®°®±²¨ ! ¢° ¹¥¨¿ ¤¨±ª :! = 20 ®¡/¬¨; ! = 60 ®¡/¬¨; ! = 100 ®¡/¬¨�  °¨±. 10 ¯°¥¤±² ¢«¥» «¨¨¨ ²®ª  ¢ ±¥·¥¨¨ z = s=2. �²¨ «¨¨¨ ¨¬¥¾² ±¯¨° «¥¢¨¤³¾ ´®°¬³.�®² ´ ª², ·²® ¯°¨ ! = 60 ¨ ! = 100 ®¡/¬¨ «¨¨¨ ²®ª  ¥ ¤®±²¨£ ¾² ¢ « , ®¡º¿±¿¥²±¿ ²¥¬, ·²®¯°¨ ½²¨µ ³£«®¢»µ ±ª®°®±²¿µ ¢° ¹¥¨¿ ¤¨±ª  ¢ ±¥·¥¨¨ z = s=2 ¢ ¨²¥°¢ «¥ R1 6 r 6 R2 ¥² ²¥·¥¨¿£ §  ¢  ¯° ¢«¥¨¨ ¢ « , ª ª ½²® ¢¨¤®   °¨±. 9¤ ¨ 9¥; ¡®«¥¥ ²®£®, ¢¨¤®, ·²® ¢¥ª²®°» ±ª®°®±²¨ ¤ ¦¥¥¬®£® ¯®¢¥°³²» ¢ ±²®°®³ ¢¥°²¨ª «¼®© ¶¨«¨¤°¨·¥±ª®© ±²¥ª¨ ª®¦³µ . �§ °¨±. 10 ² ª¦¥ ¢¨¤®, ·²®± ³¢¥«¨·¥¨¥¬ ±ª®°®±²¨ ¢° ¹¥¨¿ ¤¨±ª  ±¯¨° «¼»¥ «¨¨¨ ²®ª  ª ¦¤®© ¦¨¤ª®© · ±²¨¶» ³¤«¨¿¾²±¿¨§-§  ³¬¥¼¸¥¨¿ ±ª®°®±²¨ ° ¤¨ «¼®£® ¤¢¨¦¥¨¿ · ±²¨¶» ®² ¯¥°¨´¥°¨¨ ª ¶¥²°³. �²®, ¢ ±¢®¾ ®·¥°¥¤¼,®¡º¿±¿¥²±¿ ³¬¥¼¸¥¨¥¬ ½´´¥ª²  ¢¿§ª®±²¨ ± ³¢¥«¨·¥¨¥¬ !, ² ª ª ª ·¨±«® �¥©®«¼¤±  ³¢¥«¨·¨¢ ¥²±¿¯°®¯®°¶¨® «¼® !.9. � ª«¾·¥¨¥. �´®°¬³«¨°³¥¬ °¿¤ ¢»¢®¤®¢ ¨§ ¢»¸¥¨§«®¦¥®£®.1. � «¨²¨·¥±ª®¥ °¥¸¥¨¥ [10] ¤«¿ ¯ ° ¬¥²°®¢ ²¥·¥¨¿ ¢³²°¨ ¯®£° ¨·®£® ±«®¿   ¥¯®¤¢¨¦®¬



362 ¢»·¨±«¨²¥«¼»¥ ¬¥²®¤» ¨ ¯°®£° ¬¬¨°®¢ ¨¥. 2009. �. 10®±®¢ ¨¨ ª®¦³µ  ¥¯°¨¬¥¨¬® ¤«¿ ¢¥°¨´¨ª ¶¨¨ ·¨±«¥»µ °¥¸¥¨©, ¯®«³·¥»µ ·¨±«¥»¬ ¨²¥£°¨-°®¢ ¨¥¬ ²°¥µ¬¥°»µ ³° ¢¥¨© � ¢¼¥{�²®ª±  (1), (2) ¨§-§  ¯®¿¢«¥¨¿ ¥´¨§¨·®© ®²°¨¶ ²¥«¼®© ²®«-¹¨» ¯®£° ¨·®£® ±«®¿ ¢ ®ª°¥±²®±²¨ ¢ «  °®²®° .2. �®«³·¥» ®¢»¥ ¯°¨¡«¨¦¥»¥   «¨²¨·¥±ª¨¥ °¥¸¥¨¿ ¤«¿ ¯ ° ¬¥²°®¢ ²¥·¥¨¿ ¢³²°¨ ¯®£° -¨·®£® ±«®¿   ¥¯®¤¢¨¦®¬ ®±®¢ ¨¨ ª®¦³µ  ¤«¿ § ·¥¨© N1, N2 ¢ ¯°¥¤¥« µ 4 6 N1, N2 6 6. �¡¹¨¬±¢®©±²¢®¬ ¢±¥µ ½²¨µ °¥¸¥¨© ¿¢«¿¥²±¿ ³¬¥¼¸¥¨¥ ²®«¹¨» �0(r) ¯®£° ¨·®£® ±«®¿ ± ³¬¥¼¸¥¨¥¬¯®«¿°®£® ° ±±²®¿¨¿ r.3. �°¥¤«®¦¥® ³·¨²»¢ ²¼ ¢   «¨²¨·¥±ª®¬ °¥¸¥¨¨ ¬®¬¥² ±¨« ¢¿§ª®£® ²°¥¨¿   ¡®ª®¢®© ±²¥ª¥ª®¦³µ . �²® ¯®§¢®«¨«® ±³¹¥±²¢¥® ³«³·¸¨²¼ ²®·®±²¼ ¯°¨¡«¨¦¥®£®   «¨²¨·¥±ª®£® °¥¸¥¨¿.������ ����������1. �°¥¤¯°¨¿²¨¿¬ �®±±¨¨ | ±®¢°¥¬¥®¥ ¢¥²¨«¿¶¨®®¥ ®¡®°³¤®¢ ¨¥ (http://www.sibin.su/articles/35/).2. Tesla N. Turbine. US Patent N 1061206. May 6, 1913.3. � ¥¢ �.�., � ¦ ©ª¨ �.�., �°®«®¢ �.�., � ª¥¤  K., �¨° ® �. �·¨±²ª  ¢®§¤³µ  ®²  ¬¬¨ ª  ¢ ¯®¬¥¹¥¨¿µ±¥«¼±ª®µ®§¿©±²¢¥®£®  § ·¥¨¿ // �ª®«®£¨¿ ¨ ¯°®¬»¸«¥®±²¼ �®±±¨¨. 2005. Â 11. 13{16.4. �°¨µ®¤¼ª® �.�. �±±«¥¤®¢ ¨¥ ²¥·¥¨¿ ¨ ²¥¯«®®¡¬¥  ¢ ¤¨ ¬¥²° «¼»µ ¤¨±ª®¢»µ ¢¥²¨«¿²®° µ ¯°¨ ¨§ª¨µ·¨±« µ �¥©®«¼¤± : �¨±±. : : : ª ¤. ²¥µ.  ³ª. �®¢®±¨¡¨°±ª: ���� �� ���, 2008.5. �®¬¨·¥¢ �.�. �±²°®©±²¢® ¤«¿ ®·¨±²ª¨ £ § . � ²¥² RU Â 2229658 C2. �., 2004.6. � ©¤ °®¢ �.�. �ª±¯¥°¨¬¥² «¼®¥ ¨±±«¥¤®¢ ¨¥ ²¥¯«®- ¨ ¬ ±±®®¡¬¥  ¢ ¤¨ ¬¥²° «¼»µ ¤¨±ª®¢»µ ¢¥²¨«¿-²®° µ: �¨±±. : : : ª ¤. ²¥µ.  ³ª. �®¢®±¨¡¨°±ª: ���� �� ���, 2000.7. Verzicco R., Orlandi P. A �nite-di�erence scheme for three-dimensional incompressible ows in cylindrical coordi-nates // J. Comput. Phys. 1996. 123, N 2. 402{414.8. Fadlun E.A., Verzicco R., Orlandi P., Mohd-Yusof J. Combined immersed-boundary �nite-di�erence methods forthree-dimensional complex ow simulations // J. Comput. Phys. 2000. 161, N 1. 35{60.9. Kiselev S.P., Vorozhtsov E.V., Fomin V.M. Foundations of uid mechanics with applications: problem solving usingMathematica. Boston, Basel, Berlin: Birkh�auser, 1999.10. Schultz-Grunow F. Der Reibungswiderstand rotierender Scheiben in Geh�ausen // Zeitschr. f�ur Angew. Math. undMech. 1935. 15, N 4. 191{204.11. �®©¶¿±ª¨© �.�. �½°®¤¨ ¬¨ª  ¯®£° ¨·®£® ±«®¿. �¥¨£° ¤, �.: �®±. ¨§¤-¢® ²¥µ¨ª®-²¥®°¥². «¨²., 1941.12. �®©¶¿±ª¨© �.�. � ¬¨ °»© ¯®£° ¨·»© ±«®©. �.: �����, 1962.13. Kim J., Moin P. Application of a fractional-step method to incompressible Navier{Stokes equations // J. Comput.Phys. 1985. 59, N 2. 308{323.14. Lai M.C., Lin W.-W., Wang W. A fast spectral/di�erence method without pole conditions for Poisson-type equationsin cylindrical and spherical geometries // IMA J. Numer. Anal. 2002. 22. 537{548.15. � ¬ °±ª¨© A.A., �³«¨ �.�. �¨±«¥»¥ ¬¥²®¤». �.: � ³ª , 1989.16. �®°®§®¢ �.�., �¨°± ®¢  �.�., �»±®¥¢ �.�. �®¬¯«¥ª±  «£®°¨²¬®¢ ¡»±²°®£® ¯°¥®¡° §®¢ ¨¿ �³°¼¥ ¤¨±ª°¥²-»µ °¿¤®¢ // �¡. \�¨±«¥»©   «¨§   �������¥"/ �®¤ °¥¤. �®¥¢®¤¨  �.�. �»¯. 15. �.: �§¤-¢® �®±ª.³-² , 1976. 30{51.17. Wolfram S. The Mathematica book. Cambridge: Cambridge University Press, 1996.18. �°¥©¯¥° �., �¬¨² �. �°¨ª« ¤®© °¥£°¥±±¨®»©   «¨§. �®¦¥±²¢¥ ¿ °¥£°¥±±¨¿. �.: �¨ «¥ª²¨ª , 2007.�®±²³¯¨«  ¢ °¥¤ ª¶¨¾07.09.2009


